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1. Language

Code written in Mathematica 8.0.1.0

Version: October 2014.

2.Environment

Notebook Mathematica.

3.Name of the file

GFR.nb

4. Abstract

This Mathematica package provides a tool valid for calculating the explicit
expression of the Green’s function related to an n" - order linear differential
equation with reflection and constant coefficients, coupled with two - point

linear boundary conditions.
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6. User’s manual

The program Green’s Functions with Reflection calculates the Green’s function,
G(t,s), of the boundary value problem given by a linear n* - order differential

equation with reflection and constant coefficients

n

n
z qu(~t) + z bud(®) = o(t), telabl, (1)
j=0 j=0
together with the boundary conditions

n—1

z aludD @) +Blud(B)=0, 1<i<n @)

=0

Definition. A Green’s function of problem (1)-(2) is any function G(t,s) such
that, for any o € L!([a, b)),

b
u(t) =f G(t,s)o(s)ds

is the unique solution of problem (1)-(2).

6.1. The Mathematica notebook

The Green’s Functions with Reflection is a Mathematica notebook with a
dynamic environment. In order to run the program Wolfram Mathematica is
needed on the user’s computer. This notebook is intended for version 8.0.1.0

but it also works on less recent versions.

After opening the file, a message will appear. The user must press yes in order

to authorize Mathematica to initialize the program.



File Edit Insert Format Cell Graphics Evaluation Palettes Window Help

"> GFRn

Green’s Functions with Reflection

Alberto Cabada, José Angel Cid,
F. Adridn Ferndndez Tojo and Beatriz Mdaquez-Villamarin

Last update: October 2014 on Mathematica 8.0.1.0

# Initialize Notebook =)

Do you want to automatically evaluate al the initisization cells in
the notebook GFR.nb"?

L= )% e |

After this, the input cells of the notebook will appear, already filled with an
example.

Green’s Functions with Reflection
Alberto Cabada, José Angel Cid,

F. Adridn Ferndndez Tojo and Beatriz Mdquez-Villamarin

Last update: October 2014 on Mathematica 8.0.1.0

Program to compute the Green's function of the equation:
o025 0P (1) + Fobsu? (t) =o(t),  te[-T,T]

with boundary conditions:

23a ul (-T) + 32381 uI(T) =0, i

1,...,n

Coefficients a; {1, 0, 1}
Coefficients b; {0, 0, 0}
T 1
Boundary conditions {u[1], u[-1]}

Numerical Approximation [

\ Enter

Progress: done|

Result

If the user presses “Enter” the output cells will appear revealing the results of

the computation.



Enter

Progress: done

PROBLEM:
u’(-t) +u(-t) =o[t], te [-1,1]
with boundary conditions
{u[1] =0, u[-1] = 0}
The Green’'s function is giving by:

s=1A-1=t=1As+t=0
s=1AN-1=t=1As+t=<0

-csc(2) sin(1-s5) sin(1-t) -1

{148
{148

A

G[t,s]= {

-csc(2) sin(s+1) sin(t+1) -1

1A

In order to preserve the stability of the program through uses, the input cell is
protected against writing and the file cannot be saved.

The program has two different areas: input and output, both separated by the
“Enter” button. The data must be entered in the input area by using the
Mathematica notation. After that, it must be pushed “Enter” to start the
execution and the result will be shown on the output area, which is divided
again in two areas: analytical output and graphical output.

While running, the steps of the computation will be shown in the “Progress’

frame. These messages will be, in order, "Processing data...", "Solving

homogeneous equation...", "Computing fundamental matrix...", "Constructing
Green's function... (100 s max)" and “done”. Usually, the step that takes the
longest is the construction of the Green’s function. The “100 s max” comment
makes reference to the total time limit set for those Mathematica commands

during this process which can be aborted after some time giving a valid result,
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like, for instance “Simplify” or “FullSimplify”. This does not mean that other
operations on which no time limit can be placed, cannot make the whole

process take longer.

Coefficients a; {1, 0, 2}
Coefficients b; {0, 0, 1}
T 1
Boundary conditions | {u[1], u[-1]}

Numerical Approximation

Enter

Progress: Constructing Green's function... (100 s max)

6.2. The data

To start an execution the following boxes must be completed: Coefficients a,,
Coefficients b,, T and Boundary conditions. Notice that all the data have to
be entered in Mathematica syntax. Some examples are showing in the

following table:

Mathematica syntax Examples
Power A mA2
Multiply * or empty space C*X, C X
Divide / 1/2,-3/7
Constants Pi, E (for other constants | 2 Pi, EA(-1)

see the Mathematica

help page)

Functions Sin[x], Cos[x], Tan[x], | 2 Sin[3 x], Sqrt[2]
Log[x], Sqrt[x] (for other
functions see the

Mathematica help page)

Lists, vectors {,,...} {1,3,2}, {u[O],u’[Pi]}
Derivative ’ u’[0], u”’[2], u’’[2*Pi]
Grouping terms () mMA(2*x)




The first step consists on introducing the coefficient vectors (both the one
related to the terms depending on “t” and the one related to the terms
depending on “t”) of the differential equation with the same length as the order
of the equation. The order of the coefficients is {ay,ay,...,a,} and {by, b4, ..., b,;}

respectively.

Green’s Functions with Reflection

Alberto Cabada, José ,tfngel Cid,
F. Adridn Ferndndez Tojo and Beatriz Mdquez-Villamarin

Last update: October 2014 on Mathematica 8.0.1.0

Program to compute the Green's function of the equation:
Thoasu? (-t) + 32 by ut? (t) =o(t), te[-T,T]

with boundary conditions:

Yadad ul(-T) + 3238 u(T) =0, i=1,...,n

Coefficients a; |{1, 0, 1}

Coefficients b; {0, 0, 0}

T 1
Boundary conditions {u[1], u[-1]}

Numerical Approximation

‘ Enter

Progress: done|

Result

The coefficients of the differential equation must be real constants or symbolic
parameters. If those coefficients are exact expressions, (for instance Pi, Sqrt[2],
Cos[1/7], 3...) the computations made by Mathematica will be exact as the

final result.

However if any of the introduced constants is an approximate number (for
instance: 1.0, 3.14159, Sqrt[2.0], -0.5,...), the final result will be also
approximate. If the “Numerical Approximation” check box is clicked the
coefficients, except in the case there are symbolic parameters involved, will be
automatically transformed into numerical expressions. This greatly reduces de

computation time, and even allows to obtain results when symbolically is not
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possible, either because of a too large output or because some step in the
computation process has exceeded the maximum time allocated for it.

Coefficients & {1., 2.}
Coefficients b;  {0., 1.}
T 1

Boundary conditions | {u[1]}

Numerical Approximation ¥

‘ Enter

Progress: done |

PROBLEM:
2. u(-t)+1.u(t)+1. u(-t) +0. =0o[t], t e [-1,1]
with boundary conditions
{ull] =0}
The Green’ s function is giving by:
G[t,=s]=

[-0.33 (e?°¥5 (0.63+0.2e225) 5inh(0.58t) + -1xs521/\-12t<1As-t=z0As5+t=0
l_ge—'J.SE‘s—'IJ.SEt+ 0.5 e'D.SE‘s—'IJ.5E‘t+
0.5 eO.S‘.—‘- t—'3.595+ 0.13 eO.S‘.—‘- s+0.58 ¢ -
e %8s (_0.324e125_1.1) cosh(0.58 t) )
-0.33 (e (0.63+0.2e225) 5inh(0.58t) + -1=xs52<1A\-1<t<1As-t>0As5+t<0
1.9\8_'3'555_'3'5Et+ 0.13 eO.SSs—'J.SEt+
e0%8s (_0.34e125_1.1) cosh(0.58 £) )
-0.33 (e?%®< (p.63+0.2e'2%) sinh(0.58 ) + -lsssl/A-lstsl/As-tsOAsS+t>0
0.5e0-585-0.58¢t g 5 o0.58¢-0.58s
e %8s (_p.3¢e'?°_1.1) cosh(0.58 t)
-0.33 (e®% 5 (0.63+0.2e%25) 5inh(0.58£) + -l=s=1/\-1
e85 (_p.34e"?°_1.1) cosh(0.58 t)

%
r+
3
=
-
0]
|
o+
W
o
=

Ns+t=>0




Entering parameters is allowed in the different boxes, but in this case the

output will be only analytical and not graphical.

Coefficients a; | {1, 0, 0}
Coefficients by (0,0, m?} fmm=mmmmmmmecaaatommn- m is a parameter
T |1
Boundary conditions | {u[1], u[-1]} | . |
Mumerical Approximation [] Ana ytl(_d DUtpUt
depending on m
]
[ Enter i
]
]
-
1
T
[}
PROBLEM : ]
[}
. ]
m o (&) +u(-t) = c[t], t e [-1,1] :
]
with boundary conditions :
]
[u[l] =0, u[-1] = 0} :
]
The Green s function is giving by: :
_Et (f Zi=+l) 20 . =t ) .
- ||E a2 1 |r== af-z (62 1) mec[t] e = min|EL| cos(E
) (el =Y I el
— -l=s=1M-1=tz1fs-E=0/s+E=<0
4 .E‘-'3-1_|=
N E(zel) e | oEs , .
E = ||E = 1 |E a 1= :E‘-"’-1_| =en:;1 |e= cos ;‘| =:i.r.:tT_1 ]
———— “lzsz1M-1=2tz21fs-t>0,5+E20
4 .E""S—l]:
GLt,=]= _Er ([ Zs i ) | oEr . :
E = ||E =z | |22 en |4z :Ez-"ﬂ -1 :el::—; |e = ED::—; :i_r_:lT"ﬂ
= — -lz2s5z1M-1=tz1Ms-E=z0s5+C=0
4 _e'--'“_1.|=
=L 22 (| 22 , o &8 , .
e = g2/ g n |E = 1|4z [eR12 ) see( L |e = :i_r_'l—"| cox( 5|
| iRl =y el R b=
- —_— -1lzs5z1A-1ztz1fs-E-005+E%10
4 _e‘-'=_1_|:

The box Boundary Conditions must be a vector of the same length as the
order, n, of the differential equation. Moreover the boundary conditions must
depend linearly on u and its derivatives up to the n-1 order and they must be
evaluated at the endpoints of the interval. The vector with the boundary
conditions will be matched to zero by the program. For instance, to use the
boundary conditions u(-1)=u(1), u’(-1)= —u’(1), the vector {u[-1]-u[l1],u’[-

11+u’[1]} must be entered.

6.3. Errors

The program will detect when the order of the equation is not correct.
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Coefficients a; {0,0,0} [

Order must be a positive integer

Coefficients b; {0, 0, 0}
T 1

—

Boundary conditions {u[1], u[-1]}

Numerical Approximation =

Also, when a, = +b,, the program will not be able to compute a Green’s
function. This is related to the theoretical aspects of the reduction algorithm.
In such cases a Green’s function may not exist and a “case-by-case” study must

be done.

Coefficients a; {1, 0, 1} [

Coefﬂqents bl {Oi 0’ 1} The reduced problem is of order less than 2 n

=)
-

Boundary conditions {u[1], u[-1]}

Numerical Approximation =

If the number of coefficients a, is not the same as the number of coefficients bi

the program will warn us.

Coefficients a; {1,0, 1,5} [

Wector of coefficients: LENGTH INCORRECT

w
Coefficients b; {0, 0, 0}
o

Boundary conditions {u[1], u[-1]}

Numerical Approximation =

The boundary conditions must be evaluated at the points T and / or -T for the

given value of T. Otherwise, an error message will appear.
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Coefficientsa, {1, 1,1} [= e

The boundary conditions are not valid

Coefficients b; {0, 1, 0}

.
Boundary conditions {u[2], u[-1]}
Numerical Approximation =
The value of T must be a positive number (or a parameter).
Coefficients a; {1, 0, 0} [ =)
Coeff|C|entS bl {0{ 0’ 1} T must be a positive real number
e

Boundary conditions {u[1], u[-1]}

Numerical Approximation =

If there is an error or an invalid expression in the input of the boundary

conditions the program will warn us.

Coefficients a; {mz, 0} =

The boundary conditiens are not valid

[
Coefficients b; {0, 1}
-

Boundary conditions {u[1], Cos[u[—b]]}

Numerical Approximation =

If there is an excessive number of boundary conditions there will not be a
Green’s function.
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Coefficients a; {1, 0, 0} [ ]

There is no Green's function

Coefficients b; {0, 0, 1}

o ‘

Boundary conditions {—u[-1]+ u[1], u’[1], u'[-1]}

Numerical Approximation =

If the number of boundary conditions is insufficient or they are linearly

dependant there will not be a Green’s function.

Coefficients a; {1, 0,0} [ [

There is no Green's function fer the reduced problem

Coefficients b; {0, 0, 1}
T 1

Boundary conditions {—u[-1]+ u[1], —u[-1] + u[1]}

Numerical Approximation &

The resonant problems, i. e., when the Green’s function doesn’t exist, are also

detected by the program.

Coefficients a, {0, 0, 0} [ =)
There is no Green's function for the reduced problem
Coefficients b; {0, 0, 1}
-

Boundary conditions {-u[-1]+ u[1l], —u'[-1] + u'[1]}

Numerical Approximation =

In some cases Mathematica will not be able to compute explicitely the roots of
the polynomials involved in the computation. In such case the following

message will appear.
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Coefficients a; {0, 0, 0, 0} | S

Green's Function with a complex expression

Coefficients b; {2, 1, 3, 1}

o

Boundary conditions {u[1], u[-1], u’[-1]}

Numerical Approximation

In this case, Mathematica will be able to compute a numerical solution using
the “Numerical Approximation” option.

Coefficients a; |{0., 0., 0., 0.}
Coefficients b; {2, 1., 3. 1}
T 1
Boundary conditions | {u[1], u[-1], u’[1]}

Numerical Approximation

l Enter
PROBLEM :
1. al¥ (g) +3. w'(t) +1. w'(E) +2. u(t) +0. =a[t], t e [-1,1]
with boundary conditions

{u[l] =0, u[-1] =0, u’'[1] =0}

The Green s function is giving by:
Glt,s]=
[il, gra-be=0E 1css1A-1ctslAs-t=<0

(e3-= (-0.0088e* ©-0.37e°#%5in(0.83 t)) sin(0.83 -0.83 5) +

e*®%fcos(0.83¢) (-0.18e* °5in(0.83-0.835) -0.022%%9) +

e* ®cos(0.83-0.83 3)

(-0.022e% % -0.18e%8%5in(0.83¢) +0.37e> %t cos(0.83 ) ) +
0.12e>853-t _ 0 393538t 35in(0.835-0.83¢) +
0.011e°8535-8t3in(0.83¢) -0.11 e "B * cos(0.835-0.83¢))
1, g2 -lss<1A-1<st=<1As-t>0
(9-0%%= (_0. 0088 e® ©-0.37e%8%5in(0.83 t)) 5in(0.83 - 0.83 5) +
e Bfcos(0.83¢) (-0.18e%0%%55in(0.83-0.835) -0.022e2-25) .+
e 0535 065(0.83 - 0.83 s5)
(-0.022e%* *-0.18e°%%5in(0.83 ¢) +0.37e>®*cos(0.83 £)) +
0.0013e2-953-t, 0,011 2?5358 3in(0.83 ¢))
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Some examples have been detected where Mathematica was not able to show
the expression obtained for the Green’s function on the notebook. In this case
the program seems blocked. The evaluation can be aborted by using
“Evaluation -> Interrupt Evaluation” on the Mathematica menu. Open the
notebook again and try to solve the problem using the “Numerical

Approximation” option.

6.4. Global variables after the execution

The main goal of this program is to obtain the expression of the Green’s
function in the most standard way. Is for this that some variables of the
program are global, so, after an execution, the user can work directly with
them on the Mathematica notebook. Namely, the Green’s function, G[t,s], is a
global variable, in consequence if, after an execution, the user writes “G[t,s]”
on a new input cell of Mathematica, the program gives its expression. In this

way it is possible to manipulate or plot it at the convenience of the user.
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