Hoop Algebras and Physics. Figures.
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Figure 1. Two- & Three-fold folding of Moufang Loops, the

 resulting signed algebras, and the four-folded Pauli-σ algebra.

  C4C2 Group       Quaternion group     C9 group

1 2 3 4 5 6 7 8    1 2 3 4 5 6 7 8    1 2 3 4 5 6 7 8 9

2 3 4 1 6 7 8 5    2 5 8 3 6 1 4 7    2 3 4 5 6 7 8 9 1

3 4 1 2 7 8 5 6    3 4 5 6 7 8 1 2    3 4 5 6 7 8 9 1 2

4 1 2 3 8 5 6 7    4 7 2 5 8 3 6 1    4 5 6 7 8 9 1 2 3

5 6 7 8 1 2 3 4    5 6 7 8 1 2 3 4    5 6 7 8 9 1 2 3 4

6 7 8 5 2 3 4 1    6 1 4 7 2 5 8 3    6 7 8 9 1 2 3 4 5

7 8 5 6 3 4 1 2    7 8 1 2 3 4 5 6    7 8 9 1 2 3 4 5 6

8 5 6 7 4 1 2 3    8 3 6 1 4 7 2 5    8 9 1 2 3 4 5 6 7

                                      9 1 2 3 4 5 6 7 8

 C4 & Complex    Quaternion      C9J       Pauli-σ

 Algebra C4c      Algebra       Algebra    Algebra

 1  i -1 –i     1   i   j –ij   1  2  3   1   2   3   4

 i -1 –i  1     i  -1 –ij   j   2  3 J1   2   1 –i4  i3
-1 –i  1  i     j  ij  -1  -i   3 J1 J2   3  i4   1 –i2
-i  1  i -1    ij  -j   1  -1             4 –i3  i2   1

Figure 2. Symbolic tables, Factorized Determinants, Products.

   C4       C     Quaternion     C9J        Pauli-σ

 a b c d   a  b   a  b  c  d   a  b  c    a   b   c   d

 b c d a   b –a   b –a –d  c   b  c Ja    b   a –id  ic

 c d a b          c  d –a –b   c Ja Jb    c  id   a -ib

 d a b c          d –c  b –a              d –ic  ib   a
Factorized Determinants, Products:-

C4 Factors (a+b+c+d)(a-b+c-d)((a-c)2+(b-d)2) hoopTimes[{1,2,3,4},{a,b,c,d}]=

{a+4b+3c+2d,2a+b+4c+3d,3a+2b+c+4d,4a+3b+2c+d}

C  Factor    -a2-b2
hoopTimes[{1,2},{a,b}]={a-2b,2a+b}

Quaternion Factors(a2+b2+c2+d2)2
hoopTimes[{1,2,3,4},{a,b,c,d}]=

{a-2b-3c-4d,2a+b-4c+3d,3a+4b+c-2d,4a-3b+2c+d}

C9J Factor  -c3-b3J+3abcJ-a3J2
hoopTimes[{1,2,3},{a,b,c}]=

{a+3bJ+2cJ,2a+b+3cJ,3a+2b+c}

Pauli-σ Factors (a2-b2-c2-d2)2
hoopTimes[{1,2,3,4},{a,b,c,d}]=

{a+2b+3c+4d,2a+b+4ic-3id,3a-4ib+c+2id,4a+3ib-2ic+d}

Figure 3. C3 Product, Shape Conservation, Inverse, Division.
Symbolic C3 Table a b c

                  b c a

                  c a b

hoopTimes[{a,b,c},{d,e,f}]={ad+ce+bf,bd+ae+cf,cd+be+af}
{a,b,c} Shape = {a+b+c, ((a-b)2+(b-c)2+(c-a)2)/2}
{a,b,c} Inverse =

{1/(3(a+b+c))+ 2(2a-b-c)/(3((a-b)2+(b-c)2+(c-a)2),

 1/(3(a+b+c))+ 2(2c-a-b)/(3((a-b)2+(b-c)2+(c-a)2),

 1/(3(a+b+c))+ 2(2b+c+a)/(3((a-b)2+(b-c)2+(c-a)2)}

If  A = {3,1,-2} with shape A  = {2,19)
and B = {1,0,2}  with shape B  = {3,3},

   AB = {5,-3,4} with shape AB = {6,57}
1/A = Ai = {11,1,7}/38, shape  = {1/2,1/19}

Ai.AB = {1,0,2} i.e. B is recovered.

Figure 4. If A has a zero size, so do AB and Ai.

     AB/A only recovers B after adding a remainder.

C3 If  A = {2,-1,-1}  with shape A = {0,9)
   and B = {1,0,2}    with shape B = {3,3},

   AB =  {0,-3,3}    with shape AB = {0,27}.

Left remainder = {0,0,0},    shape = {0,0}.
Right remainder= {1,1,1},    shape = {3,0}.

1/A = Ai =   {2,-1,-1}/9,    shape = {0,1/9}

AB/A (=Ai.AB) = {0,-1,1},    shape = {0,3}

Ai.AB+RightRemainder recovers B,  {1,0,2}

C4 If  A = {2,3,1,0}  with shape A  = {6,0,10)
   and B = {3,-1,-2,0}with shape B  = {0,0,26}
   AB = {4,7,-4,-7}   with shape AB = {0,0,260}

Left remainder ={3,3,3,3}/2,  shape = {6,0,0}
Right remainder={1,-1,-5,1}/2,shape = {0,2,0}
1/A = Ai = {11,-13,-1,23}/120,shape = {1/6,0,1/10}
1/B = Bi = {23,-11,3,-15}/104,shape = {0,1/2,1/26} 

AB/B (=Ai.AB) = {5,-1,-5,1}/2,shape = {0,0,26}

Ai.AB+RightRemainder recovers B,{3,-1,-2,0}
AB/B (=AB.Bi) = {1,3,-1,-3}/2,shape = {0,0,10}

AB.Bi+LeftRemainder recovers A, {2,3,1,0}

Figure 5. C3 & C4 Polar Duals, Reversions, Powers & Roots.

PolarC3{a,b,c} is {α=a+b+c,ε2=((a-b)2+(b-c)2+(c-a)2)/2,

                   ρ=ArcTan[2a-b-c,√3(c-b)]}

VectorC3{α,ε2,ρ}is{a= α+2ε Cos[ρ],
                   b= α+2ε Cos[ρ]+2π/3],
                   c= α+2ε Cos[ρ]-2π/3]}/3 
If  A  ={2,-3,5},   Polar A  = {4,  49, 1.42745}

Vector[4,49,1.42745] =A,       {2,  -3, 5}
If  B  ={1,-5,6},   Polar B  = {2,  91, 1.51836}
Then AB={-41,17,32},Polar AB = {8,4459, 2.94581}
And √A ={2,-1,1},   Polar √A  =   {2,   7, 0.71372}

PolarC4[{a,b,c,d}]is {α=a+b+c+d,β={a-b+c-d},

                      ε2=((a-c)2+(b-d)2,

                      σ=ArcTan[2a-b-c,√3(c-b)}
VectorC4 is {a=α+β+2ε Cos[σ],b=α-β+2ε Sin[σ],
             c=α+β-2ε Cos[σ],d=α-β-2ε Sin[σ]}/4
If A={2,-3,5,1},          polar[A] = {5,   9,  25,-2.2143}

Vec[Pol[5,9,25,-2.2143}]]={2,-3,5,1} = A

If B={-1,5,-6,3},          polar[B]= {1,  -15, 29,  .3805}
AB={-36,22,-29,48}         polar[AB]={5, -135,725,-1.8338}
√A={1.809.-1.191,.809,.809} polar√A ={2.236,3,  5,-1.1072}

Figure 6. C3K Orbits. (2π/3 is written as ω.)

{α=a+b+c+d+e+f+g+h+i+j+k,β=a+b+c-d-e-f+g+h-i-j-k,

 γ=a+b+c+d+e+f-g-h-i-j-k,δ=a+b+c-d-e-f-g-h-i+j+k,

ζ2=((a-b+d-e+g-h+j-k)2+(b-c+e-f+h-i+k-l)2+(a-c+d-f+g-i+j-l)2)/2,

τ=ArcTan[2a-b-c+2d-e-f+2g-h-i+2j-k-l,-√3(b-c+e-f+h-i+k-l)],

λ2=((a-b-d+e+g-h-j+k)2+(b-c-e+f+h-i-k+l)2+(a-c-d+f+g-i-j+l)2)/2,

φ=ArcTan[2a-b-c-2d+e+f+2g-h-i-2j+k+l,-√3(b-c-e+f+h-i-k+l)],

η2=((a-b+d-e-g+h-j+k)2+(b-c+e-f-h+i-k+l)2+(a-c+d-f-g+i-j+l)2)/2,

χ=ArcTan[2a-b-c+2d-e-f-2g+h+i-2j+k+l,-√3(b-c+e-f-h+i-k+l],

κ2=((a-b-d+e-g+h+j-k)2+(b-c-e+f-h+i+k-l)2+(a-c-d+f-g+i+j-l)2)/2,

ψ=ArcTan[2a-b-c-2d+e+f-2g+h+i+2j-k-l,-√3(b-c-e+f-h+i+k-l)]}

{a=α+β+γ+δ+ζ Cos[τ]  +λ Cos[φ]  +η Cos[χ]  +κ Cos[ψ],

 b=α+β+γ+δ+ζ Cos[τ+ω]+λ Cos[φ+ω]+η Cos[χ+ω]+κ Cos[ψ+ω],

 c=α+β+γ+δ+ζ Cos[τ-ω]+λ Cos[φ-ω]+η Cos[χ-ω]+κ Cos[ψ-ω],

 d=α-β+γ-δ+ζ Cos[τ]  -λ Cos[φ]  +η Cos[χ]  -κ Cos[ψ],

 e=α-β+γ-δ+ζ Cos[τ+ω]-λ Cos[φ+ω]+η Cos[χ+ω]-κ Cos[ψ+ω],

 f=α-β+γ-δ+ζ Cos[τ-ω]-λ Cos[φ-ω]+η Cos[χ-ω]-κ Cos[ψ-ω],

 g=α+β-γ-δ+ζ Cos[τ]  +λ Cos[φ]  -η Cos[χ]  -κ Cos[ψ],

 h=α+β-γ-δ+ζ Cos[τ+ω]+λ Cos[φ+ω]-η Cos[χ+ω]-κ Cos[ψ+ω],

 i=α+β-γ-δ+ζ Cos[τ-ω]+λ Cos[φ-ω]-η Cos[χ-ω]-κ Cos[ψ-ω],

 j=α-β-γ+δ+ζ Cos[τ]  -λ Cos[φ]  -η Cos[χ]  +κ Cos[ψ],

 k=α-β-γ+δ+ζ Cos[τ+ω]-λ Cos[φ+ω]-η Cos[χ+ω]+κ Cos[ψ+ω],

 l=α-β-γ+δ+ζ Cos[τ-ω]-λ Cos[φ-ω]-η Cos[χ-ω]+κ Cos[ψ-ω]}/12

Figure 7. C3C2 Orbits.
{α=a+b+c+d+e+f,β=a+b+c-d-e-f,

ζ2=((a-b+d-e)2+(b-c+e-f)2+(a-c+d-f)2)/2,

τ=ArcTan[2a-b-c+2d-e-f,-√3(b-c+e-f)],

λ2=((a-b-d+e)2+(b-c-e+f)2+(a-c-d+f)2)/2,

φ=ArcTan[2a-b-c-2d+e+f,-√3(b-c-e+f)]}

{a=α+β+ζ Cos[τ]  +λ Cos[φ],

 b=α+β+ζ Cos[τ+ω]+λ Cos[φ+ω],

 c=α+β+ζ Cos[τ-ω]+λ Cos[φ-ω],

 d=α-β+ζ Cos[τ]  -λ Cos[φ],

 e=α-β+ζ Cos[τ+ω]-λ Cos[φ+ω],

 f=α-β+γ Cos[τ-ω]-λ Cos[φ-ω]}/6
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