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Abstract

We addresghefollowing questioniGiven

five pointsin R3, determinearight circu—
lar cylindercontainingthosepoints.We
obtainalgebraicequationdor the axial
line andradiusparameterandshowthat
thesegive six solutionsin thegeneric
case An evennumber(0, 2, 4, or 6) will
berealvaluedandhencecorrespondo

actualcylindersin R°. We will investigate
computationabndtheoreticaimatters
relatedto this problem.In particularwe
will showhow exactandnumericGrdb—
nerbasesequationsolving,andrelated
symbolic-numericmethodanaybeused
to advantageWe will alsodiscusssome
applications.



Outline of the Problem

Givenfive pointsin R®, we areto determineall right circularcylin
derscontainingthosepoints.

m Questions of Importance:

& How do we know thereare finitely many in genericcase?How
many are there?(Depends...Arave working in real or comple:
space?)

¢ How dowefind theaxialline andradiusparameters?

¢ Given the cylinder parametershow do we obtain its implicit
eguation?

& Reversingthis, how canone obtain parameterdsrom the implicit
form?

& How mightwe displaythemgraphically?

¢ Given six or more points, how do we find the coordinatesof &
cylinderin R* that"best"fits thosepoints?

@ Given five points chosenwith randomuniform distributionin &
cube,whatis the expectedgrobabilitythatonelies insidethe con-
vex hull of the other four. Relatedto "no real cylinder" case.
Also to anold recentlysolvedproblemin integralgeometry.

& To whatextentcancomputationamethodsbe usedto proveenu-
merative geometry or other types of results related to this
problem?



Basics

B T erminology
We say "cylinder” for any solution, and "real cylinder” for the
realvaluedsolutions.

We call configurations'generic"if theydo not havemultiple solu-
tions andif all sufficiently small perturbationgyive samenumbe
of solutions.Usuallywe assumehis of our configurations.

m Easy to show
There arefinitely many solutions(plausible,becauseve get one
equation for each data point and require five parametersto
describea cylinder).

If pointsarerealvaluedthencomplexsolutionspair off.

One expectssix solutions. Reason:Take five "random” points
Solve for cylinder parametersYou "always" get six solutions
This is the Shapd_emmaat work for you.



Related Work

m Already known
Number of solutionsin genericcaseis indeedsix. First showr
1977 (BottemaandVeldkamp).Variousotherproofsappearingn
recentyears.We will show two simple computationalproofs ali
endof thisreport.

m Related to thispresentation
This is acompanionto "Cylinders ThroughFive Points:Comple:
and Real EnumerativeGeometry",which is really part 2 but was
presentedlreadyat ADG 2006.Thefocushereis moreon compu
tationalmethodsandrelatedproblems.



Computing cylinders through five
points

m Our set up

Parametrizéhe axisline as {y=ax+b, z=cx+d}. Sowe nee(
to solvefor a, b, ¢, d, anda radiusr. One might arguethat this
only captures"generic" cases.But it avoidsissueswith double
counting if we allow most general form of direction vecto
(becauséts negativegivessamecylinder).

Projectpoints onto axis. For ji, point (x;, yj, z;) we needlengtt
of orthogonabprojectionperp;.

Work with equation||perpj||2 = 1.
After someminor algebrawe havefive polynomialsof form
P +bc*-2abcd+d*+ad*—r*-a*r* - c*r* +

2abxj+2cdxj+a x; +c*x; =2by;-2bc”y; +

2acdyj-2ax;yj+y;+c’y;+2abczj-2dz;-

2 g, _ o i 2 2 2
2a°dzij-2cxjzi-2acyjzj+zi+a z; =0



Computing cylinders through five
points

B An example
Points: (7,9, 8), (8, -4, -10), (-4,1,4), (-9, -9, -10), anc
(-7, =10, -10).
This hastwo realvaluedsolutions:

fa—0.151635, b — -1. 25748, ¢ - 1. 58897,
d - -6. 45046, rsqr — 83. 0554},

fa - 30.9362, b-93.172, ¢ - 37. 1186,
d - 92. 7034, rsqr - 198. 258}

How to find these solutions? Find all six using a (perhap
numeric)polynomialsolver.Canbedonee.g.by homotopycontin
uation or reductionto an eigensystemln Mathematica nsoive USE!
the latter approachThe actualcodefor finding cylinder parame
tersis quitesimple.As | needit laterl showit below.

perp[vecl , vec , offset ]:=

vecl - of f set -
Proj ection[vecl -offset, vec, Dot ]



sol veCyl I nders|[pts_List, vec_,
of fset , prec_: Automatic]: =
Modul e[ {exprs, k, perps}, perps =Tabl e[
perp[ptsk], vec, offset], {k, 5}1];
exprs = (Nuner at or [Toget her [
#l.#1 -rsqr]] &) /@ perps;
NSol ve[exprs, {a, b, c, d, rsqr},
Wor ki ngPr eci sion - prec]]




The implicit equation

B T heorthodox way

We start with a parametrizationfind two unit vectors pairwise
orthogonalandorthogonalo the directionof the axis. SayP is on
the axis, Vv is a directionvector,w; andw, arethe perps.A point
on the cylinder Is parametrized by (t,6) as
P+tv + wycog6) + W, sin(d) . To makeit algebraicwe conside
the sineandcosinetermsasalgebraicvariableswith the usualtrig
identity linking them.Usea Grdoner basiscomputationto elimi-
nate theseparameterspbtainingan implicit relation satisfiedby
the cylinderparameteréa, b, c, d, r).

Result:

b+b*c?-2abcd+d*>+a*d® - r* -
a*ri—c*r*+@2ab+2cd) x+(a®+c*)x* +
(-2b-2bc*+2acd)y-2axy+(1+c*)y* +
(2abc-2d-2a*d)z-2cxz-2acyz+(1+a*)z*

m Thesmart way
Stepl. Usethe formulationwe describedor finding the distanc
from a pointto theaxial line: ||perpj||2 — 12 givesexactlythepoly

nomialwe seek(thatis, thesameastheoneabove).

Step2. Feelfoolish.
Applies only to thoseof us, like myself, who did it the hardway
first.



m An example
We takecylinderwith parameters:

a=3,b=2,c=4,d=-1,r=v21
Implicit polynomialdefiningthecylinder:

—420+4x+25%X° —92y - 6XYy +
17y* +68z-8xz—-24yz+10z°

10
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Parameters from implicit form

m [ heeasest way
Stepl. Takegeneralimplicit equationandspecificonefor cylin—
derathand.Equatecoefficients.

Step2. Thisgivesequationsn the parametersSolvethem.

m Our example
In Mathematica one might usesoveaways t0 automaticallyequat
coefficientsand solve. But pretty much any symbolic math pro-
gramcando thisin someway.

Sol veAl ways |
b°>+b%?c?-2abcd+d?+a’d?*-r?-a’r?-
c’r?+ (2ab+2cd) x+ (a®+c*) x* +
(-2b-2bc*+2acd)y-2axy+
(1+c?)y?+(2abc-2d-2a°d) z-
2cxz-2acyz+ (1+a%)z°=
~420+4X +25X%-92y -6 XYy +
17y?>+68z-8xz-24yz+102z2%/.
resrsqr, {x, y, z}]

{{rsqr - 21, b->2, d->-1, a-3, c—>4}}
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Best fit to overdetermined cylinders

m General idea
Stepl. Pickfive points,

Step2. Solvefor cylinder parameterspbtain candidatesolutions
Discardcomplexones.

Step 3. Form sum of squaresof distancesof all points to the
remaining candidates.Take the one with the smallestsum of
squares.

Step4. Do a(nonlinear)leastsquaresninimization,usingthe can-
didate’svaluesasstartpoints.

m Refinements
Might try severaketsof five, usethe mostpromisingcandidate.

Might make effort to choosefive points not too “close” to one
anotherjn attemptto reduceill conditioning.

m Applications
Geometridolerancingimetrology)

Ftting objectto pointcloudin scenaeconstruction

First stepto fitting peptidesand other biomacromoleculeso &
helix



13

Graphing cylinders through five
points

m Goals
Goodview of thecylinder

Seehow it hitsthepoints

B An examplewith considerable symmetry
We work with two regulartetrahedraglued along a face in the
horizontalplane.

dpoi nts={{1, 0, 0}, {—1/2, \/3/2 O},
{-1/2, -v3 /2, 0},
{o, 0, v2}, {o, 0, -v2}};

vec = {a, c, 1}, offset = {b, d, 0};

First we solve for the parametewnvalues.This configurationgives
six realcylinders,all with radius9/ 1C.
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sol ns = sol veCyl I nder s [
dpoi nts, vec, offset, Infinity];
Full Sinplify[{a, b, ¢, d, rsgr} /. sol ns]

o & -2 0 25}
1 2 81
° 10 ﬁ 0. 100

1 1 1 43 81}
J2' 20" g 20’ 100/

|
|

|

|

N

1 1 1 43 81}
J2' 20" g 20’ 100/
1 1 1 <3 81 }}

J2' 20" /g 20 100




Graphing cylinders ...

15
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Graphing cylinders ...

Herewe shrinkthe radiusconsiderablyandchangethe orientatiol
in order to better see how the axis cuts through the double
tetrahedra.




Graphing cylinders ...

Anothersortof plot asa parametrizedurface:

17
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Significance of the double

tetrahedra configuration example

Relatedto problem of finding cylinders of given fixed radius
throughfour given points. Thereare 12 solutionsto the equation
that result from this problem. All solutionscan be real. In the
exampleaboveall cylindershad the sameradius of 9/10. Con-
sider the top tetrahedrorto give the four points. Gluing anothe
onto eachface gives six cylinders that go through those four
points and all haveradiusof 9/10. Seemsdlike 24 cylinders, bui
they pair off for atotal of 12.
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Numbers of real cylinders that arise

m Basics
& Already sawnumbers even.

¢ Alreadysawit canbeaslargeas6.

© Using pseudorandonsetsof five pointsin unit cubewill show
the otherpossibilitiesall arise.

« Obvious on reflection: We get no real cylinders wheneverone
pointis in the (tetrahedraljull of the otherfour. ReasonAll pro-
jectionsontoplaneskeepit insidethe hull of the projectedquadrt
lateral, henceplanar quadraticthrough the five projectedpoints
cannotbeelliptical, hencenotacircle.
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Numbers of real cylinders...

W Interesting to study

e How often do suchrandomexampleshaveone point enclosedy
the otherfour? Relatedto expectedvolume of a tetrahedrorwith
points pickedrandomlyin unit cube(generalizatiorof a problen
of Sylvester). Only recently solved, using symbolic calculu:

amongotherthings.It is 3977/216000— 72 / 216C.

e How do othercase®f norealcylindersarise.This is discussedn
the companiorto thistalk.

e More generally,can we (either algebraicallyor geometrically
classifythe caseof 0, 2, 4, or 6 real solutions”Little seemdo be
knownaboutthis.

Suggestedby refereelook at discriminantvarieties.

Me: Goodidea.What'sadiscriminatvariety?

Okay, thatwasn’tquite my responseBut | will saythe computa
tionsappearto bedaunting.Oneproblemis thatit takesextrapoly:
nomialsandvariablesjust to enforcethe conditionthat no pair of
pointscoincides.
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Proving the generic number of

cylinders iIs Six

To simplify the computationswe reformulateso asto havetwa
equationgn two variablesldea:

Without loss of generality we have one point at the origin,
anotherat(1, O, 0), andathird in thexy coordinateplane.

Projecttheseonto the set of planesthroughthe origin, parame
trized genericallypy a normalvector(a, b, 1).

In eachsuchplanethesethreepoints determinea circle, and we
get one equationfor eachof the remainingtwo pointsin orde
that they projectonto the samecircle (which is the conditiontha
thefive becocylindrical).

So our points are (0, 0, 0), (1, 0, 0), (X2, V2, 0), (X3, Y3, Z3), anc
(X4, Y4, Z4) and our variablesare (a, b) wheredirection vectoris

(a, b, 1). After some linear algebrawe obtain the polynomial:
below.
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(-3 + X5+ P X5 o+ X s+ P Xo 5 — X5 5 —
x5 y3+2abx; o y3—2abxsyoys— Y5 Y3 — a° Vs V3 +
BYi+at Vo y5—bXxoz3— b2 X 23+ b X5 23+ b° x5 23 +
apz+ably,zz—2ab* X )23 —2aX3 Y 23 +
byszs+a*byszs—2by, 323+ a° o 25 + b* » 25,

~X3 Y2 = b0* Xg Yo + X7 Yo + VP Xg Yo+ Xp Ya + U X Ya = X5 Y —
D35y, +2abXxo o Va—2abXy Yo Ya— V5 Va—G° V5 Va +
B Vi+ @GPy Vi—bXoza— b Xp 24 + D X5 24 + b° X5 24 +
Az +ab’ oz —2ab* X o 24 —2 A Xy Vo 24 +
by;z+ @ by;z—2by, Yaza+ a° yo 25 + b7 0 Z5)
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The generic number...
Now we mustcountsolutionsto this system.

PROOF 1. We form a Grdoner basiswith respectto a degre:
basedterm ordering for the polynomials. Looking at the hea
terms we find that thereare 6 monomialsin (a, b) that are nof
reduciblewith respectto this basisand hence6 solutionsto the
system.

PROOF2. We computethe resultantof the pair of polynomial:
with respectio one of the two variables.We obtaina polynomia
of degree6 in the other (with large symbolic coefficients).This
meanghereareat most6 solutions.As we alreadyknow thereare
at leastthat many, this sufficesto showthat thereare genericall
Six solutions.
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The generic number...
Remarksabouttheseproofs.

A Bothrely on havingafairly simpleformulationof the problem.

v With more thantwo equationsa "standard"resultantwould nol
likely sufficeunlessusedin iteratedfashion.

A For even slightly more complicatedproblems,a Grdoner basi:
computation involving symbolic coefficients is likely to boc
down.

v A relatedGrdonerbasisapproachs to usethe Bezoutboundanc
subtractoff the countof solutionsatinfinity. Worksfor this prob-
lem but often fails because of presence of dimensione
component(satinfinity.

A Another Grdbner basisapproachthat seemgpromisingis to work
in a mixed algebrawith symbolic perturbationvariables.ldeais
to show we havesix solutionsnot just at a given configuration
but at all configurationgn a neighborhoodhereof. This givesthe
genericcount.
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Summary and open guestions

m What we did thusfar
Discusseccomputationaimethodsfor finding cylindersthroughe
givensetof five pointsin R>.

® Coveredseveralrelatedproblemsand computationalapproache
thereto.

Combined geometric reasoningwith Grdoner basesand othe
tools to study problemsfrom enumerativeand computations
geometry.
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Summary and open guestions

m Open questions

& Describe the configuration space variety for which we have
multiplicity.

¢ Related: Describethe configuration spacevariety on which the
numberof realsolutionschanges.

& Easyto show:if five pointsare coplanarthengenericnumberof
(complex)solutionsis 4. Of theseeitherQ or 2 arereal (depend
on whetherthe quadraticcontainingthe five is a hyperbolaor ar
ellipse).(Picturebelowfor caseof 2 realsolutions).

Is coplanaritya necessarygonditionthat we havefewer than six
solutions?
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Easyto show:If pointsare collinearor lie on two parallellines

thenthereareinfinitely manysolutions.
Are thesenecessaryconditionsor are there other configuration

whereinwe haveaninfinite solutionset?



