| mplicitization by Hybrid Methods

Daniel Lichtblau

Wolfram Research, Inc.
100 Trade Centre Dr.
Champaign IL USA, 61820

danl @wolfram.com

ADG 2004, Gainesville, FL
September 2004



Introduction
We investigatea family of trigonometricplanarmappingsof theform

X =C0S (ma) +cos (mb) +cos (Im(a-Db))
y =C0S (na) +cos (nb) +cos (n (a-hb))

for fixed integersm andn. Thesearosea few yearsagoin the contextof a
problemin extremalnumbertheorythatin turn gaveriseto a lattice packing.
Thenumbertheoryproblemwasto compute for givenintegers,

}

Therelevanttheoremis thatthis valueis 1 for s<= 2, andO for s>= 4. The
importantcaseof s = 3 wascomputedoy Seon—-Hond<im aspartof his Ph.D
dissertationwork; it usedthe mapabovewith m= 1 andn = 3. It is approxi
matelyl.z. At ACA 20031 showedhow onemight computeit usingsymbolic
techniques.
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Herearesomedefinitionswe will need.

trigpoly[n_, a, b ]-=

Cos[na] +Cos[nb] +Cos[n (a-b)];
grad[expr_, a_, b_]:={65expr, dpexpr}
trigsubs = {Cos[a] -> Ca,

Sin[a] ->Sa, Cos[b] ->cp, Sin[b] ->sp};



Theorem[Kim 2003]: We mayfind f(3) by determiningtangentialintersee
tions of thecurves

cos (a) +cos (b) +cos (a-b) =Kk
cos (3a) +cos (3b) +cos (3 (a-b)) =k

for values{x, vy, k}. [Thesenewfunctionsarehalf of (thesquare®f themodu-
li-3).] Moreoverat extremalvaluesof f(3) therewill be only finitely many
suchintersectiorpoints,up to periodicity.

We illustrate level curvesfor valuesof k, —1.1 and —1.3, that bracketthe
minimizer.
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The actualcomputatioris a polynomialeliminationfrom a setof polynomials
involving a Lagrangemultiplier. We foregothe detailshere(they arein the
paper)andjust showit.

{el, e2} =
Map [Tri gExpand[trigpoly[#, a, b]] & {1, 3}];
polys =Flatten[{el -k, e2 -k, grad[el, a, b] -
Agrad[e2, a, b], Cos[a]?+Sin[a]?-1,

Cos[b]? +Sin[b]?-1}] /. trigsubs;

Ti m ng[kpoly = First [G oebnerBasi s|
polys, k, {A, Ca, Sa, Cph, Sb},
Monom al Order -> Eli m nati onOrder]]]

{0.37 Second, 9+3k-5k?+k3-6k*-4k®+2k®)

k /. NSol ve[kpoly =0, K]

{-1.20409, -1., 0.102047 -1.11146 1,
0.102047 +1. 111461, 1., 3.}



We form a pictureof the planarmapfor thecasem = 1 andn = 3.

The minimal valueis the lastpoint in the lower left wherethis intersectghe
line y = x. The otherrealrootsalsohavephysicalsignificancewith respecto
this picture.Forexample{l, 1} is alocal maximizer.



The envelope curves

This bringsusto the nextquestion.The mapitself looksinterestingandwe
might wish to know equationdo describethe envelopecurve.For examplejs
it indeed(asit appearsjheintersectiorof two quarticsof theformy = f;(x)?
(No, it is not.) How canwe find this envelopecurve?

Variouspossibilities.We might look for whereJacobiarvanishesWe might
try to extremizeonevariableasafunctionof the other.

Moreover,we canwork with the trig formulation,or usecomplexexponer
tials, or usethe standardationalizationof trig parametrization.

We will extremizeusingthetrig formulation.



Theideais to write x andy asfunctionsof trigonometricpolynomials,again
makesubstitutionsothesebecomeexplicitly algebraicandrealizethatatthe
extrema(thatis, on the boundarycurve(s)) the gradientsof the two functions
mustbe parallel.(Reasononthe envelopefor fixed x = x(a, b) we extremize
y = Y(a, b). Thiscanbe setup asa standard_agrangemultiplier problemwith
Vy=AVx)
paraneters = {a, b}; mainvars = {X, y};
xpoly =x -trigpoly[l, a, b];
ypoly =y -trigpoly[3, a, b];
xypolys = {xpoly, ypoly};
gr adi ent pol ys =
grad[xpoly, a, b] -agrad[ypoly, a, b];
trigidentities = {Ca?+Sa°>-1, Cp? +Sp? -1};
elinmvars = {A, Ca, Cp, Sa, Sb};
polys = Tri gExpand[Join[trigidentities,
xypol ys, gradi entpolys]] /. trigsubs

{-1+c2+s3, -1+cg+sg,

X -Ca-Cph-CaCp-SaSp, Y-Co-ci-c3cd+
3cas2+3cacis2-9c2cisasp+3cCisisy+
3cpSi+3cicpsi-9cacCpSisi+3cisysy-sdst,

Sa-92C2S3+ChSa-91cC2cisa+3asd+
3acisd-casp+9acicisy,-27acacisisy+
27 AC2CpSaSE-9AcCpsS3sg-3acdsg+9ac,sss,

—CpSa+9rcC2cCcisa-3AcCisd+sp,+CaSp-9ACESp-
9xc3cisp+27 ACaCl 828y -27 1C2Cp SaSE+
9xcpsisE+3asg+3acdst-9casisy)



Now what?We now wantto computethe polynomialin {X, y} in the elimina-
tion ideal. For thatwe cansimply form a Grdbnerbasiswith an appropriate
termorder.

Timng[

gb = G oebner Basi s[pol ys, nai nvars, elinvars,
Sort - True, Monom al Order » El i m nati onOrder]]

{8. 55 Second,

{-216 - 324 X + 135 x% + 108 x3 - 243 x* + 117 x° +
216 x® - 72x7 -48x® +16x° -108y -270x vy -
Ox?y +342x3y +162x*y -48x°y -24x%y +
63y + 126 x y2 +69x% y? +9x3y? —y31}

envel ope = MBp[#[[1]1]1"#[[2]] &
Drop[FactorList [First [gh]], 1]]

{(3-3x%+x3-y, -72-108x -27x%-48x3 -
72x%+16x%-60y -126xy -72%x%y -8x3y +y?}



Let’'s havealook atthosefactors.

| mplicitPlot [Eval uate[Thread[envel ope == 0]],
{x, =-1.5, 3.2}, {y, -2, 3.2},
Pl ot Poi nts » 700, AspectRatio-»7/8,
Plot Styl e - {{Thi ckness[.01], GrayLevel [. 5],
Dashing[{. 15, .04}]1}, {Automatic}}];




The general problem

Onto thegenerabproblem.Theseareinterestingplanarmapsfrom which one
might wish to find envelopecurves.We illustratethen = 5 casebelowusing
around4000points.

x[a_, b ]1=trigpoly[l, a, b];
y[a , b ] =trigpoly[5, a, b];
pointlist[m]:=

Tabl e[2 *xPi * {Random[], Random[]}, {2"m}]
poi nt s2k = pointlist[12];
data[{point__}]:={X[point], y[point]};
dat al i st 2k = Map[dat a, poi nts2k];
| pl ot = Li st Pl ot [dat al i st 2k];

Forn = 4 we alreadycannotfind the envelopecurvesin reasonabléime using
the methodshown.The programFermathandleda formulationthat casein
about15 minutes(while we wereat dinner).Forn = 5 it ranout of memory.
So...weneedhybrid methods.
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Again we setup anappropriatgpolynomialsystem.

xpoly =x -trigpoly[l, a, b];
ypoly =y -trigpoly[5, a, b];
xypolys = {xpoly, ypoly};
gr adi ent pol ys =
grad[xpoly, a, b] -axgrad[ypoly, a, bJ;
polys = Tri gExpand[Join[trigidentities,
xypol ys, gradi entpolys]] /. trigsubs;

We’'ll beginby specifyingonevariableandsolving for the other(we’ll need

to get many points, but this is a start). For this purposewe usea numeric
solver.

al l butyvars = {X, A, Ca, Cp, Sa, Sp};
polyy =polys /. y ->11/10;
Timng[
sol n = NSol ve[pol yy, al |l butyvars, Sort -> True]; ]

{51. 94 Second, Nul |}

Sel ect [Union[x /. sol n, SaneTest -
(Abs [#1 - #2] / (Abs [#1] + Abs [#2]) < 10~ (-5) &)1,
| m[#] == 0 &]

{-1.4246, -1.18145, -1.17679, -0.952203,
-0. 895835, -0.684639, -0.191699, 0. 382082,
1. 02001, 2. 15932, 2.9082, 2. 9086}

Wasn’t very easy.And for higherdegreest will only getworse.We need
anothemethod.
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Whatwe really needis away to find rootslocally. Alas, for this we needrea-
sonableinitial guessessto valuesof parameterswhich we do not have.
We'll insteadformulatethis stepasan optimizationproblem,with parameter:
taking valuesin known ranges.This is why we chosea trig formulation,
becausehetrig variablesareknownto takeon valuesbetween-1 andl. The
objectivefunctionwe "optimize" is a trivial constanfunction;we aresimply
performinga constraintsatisfaction.

Hereis the setof constraintshatmustbe setto zeroto solvefor x wheny is
11/1C.

Short [pol yy, 8]

{-1+cC2+82, <«<4>,
—CpSa+25Acicpsa-50acicpsd+5cCps]+Sp+
CaSh-251Cgsp-25clcgsp+250acichs2sy -
125 X CaCh s2 sy, -250 1 c2 ¢ sast+
500 A <<3>> SZ - <<1>> +50c2sg +50ac3cEsi-
500 Ac3cgs2si+250cachsdst+
125 A c4% Cp SaSg -250 1c2 cp s sg +25cp S2 St -
5Asp-5xc2sp+50ac3s2sp -25C,S2sp)
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We solveandgetour valuefor x aswell asthe parameterswe arelooking for
a solutionwith x nearl.

Timng[{val, root} =NMnim ze[{1,
Flatten[{Thread[polyy ==0], .9<= x<=1.2}1},
{{x, .9, 1.2}, {A, -10, 10}, {ca, -1, 13,

{Cb, _11 1}1 {Sa, _11 1}1 {Sb1 _11 1}}1
Maxl t erati ons -> 200,
Met hod -> "Differential Evol ution"]]

{10. 78 Second,
{1., {x-1.02001, x - 0.20024, c5 — 0.010004,

Cpb > 1., Sa—>-0.99995, s, > 7.89435x107181}}
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We got morethanwe anticipatedwe seethatthis partof the envelopecurve
arisesfrom a segmenin parametespacewhereb = 0 (becaussin(b) appar
ently vanishes)How lucky for us!

envel opepi ecel =
Fi rst [G oebner Basi s[Take[pol ys, 4] /.

{Cb -> 11 Sb _>0}1 {X1 y}1 {Ca, Sa}]]
5x-5x%?-5x3+5x%-x°+y
envplotl =
| nplicitPl ot [Eval uat e[envel opepi ecel == 0],
{x, -2, 3.2}, {y, -2, 3.2},
Pl ot Styl e - {Thi ckness[.01], GrayLevel [. 5],
Dashing[{. 15, .07}]}, PlotPoints - 10007];
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A similar lucky computationgives us the part of the envelopecurvein the
lower right.

polyy =polys /. y ->-11/10;

Timng[{val, root} =NM nim ze[{1,
Flatten[{Thread[pol yy ==0], 1.2 <= X <=2}]},
{{x, 1.2, 23}, {A, -10, 10}, {ca, -1, 13},

{Cb’ _11 1}1 {Sa, _1’ 1}1 {Sb1 _1! 1]’};
Maxl t erations -> 200,
Met hod ->"Differential Evol ution"]]

{10. 85 Second,
(1., {x->1.72049, X - 1.13162, c5 —» 0. 768955,
Cp » 0. 768955, s; - 0. 639303, sp » -0.639303} 1}

Here clearly we haveb = —a in the domain(cosinesare equal,sinesare
opposite).
envel opepi ece2 =
Fi rst [G oebner Basi s[Take[polys, 4] /.
{Cb ->Ca, Sp ->-Sa}, {X, ¥}, {Ca, Salll
~5400 - 11700 x + 8675 x? + 37800 x3 +
20600 x* - 14880 x° - 13680 x°® + 1920 x” +
3200 x® - 256 x1° + 1980y + 6230 x y +
7280 x%y +3800x3y +800x%y +32x°y - y?
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envpl ot 2 =
| mplicitPl ot [Eval uat e[envel opepi ece2 == 0],
{x, -2, 3.2}, {y, -2, 3.2},
Pl ot Styl e - {Thi ckness[.012], G ayLevel [.35],
Dashing[{. 12, .08}]}, PlotPoints - 1000];
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The hybrid computation

Now we haveto getthelastpieceof boundarycurve.For thiswe will require
real work. We startby grabbinga point nearthe lower crossingwith they
axis. | foundit expediento changethe optimizationslightly so asto better

balancehe constraintgl now squaresomeof them).

pol yx1 =polys /. x ->0;
Timng[{val, rootl} =NMnim ze[{l, Flatten]

{Thread[pol yx1722 ==0], -1.6<= Yy <=-1.2}1},
{{y, -1.6, -1.2}, {a, -10, 10}, {ca, -1, 13},
{Cb1 _11 1}1 {Sa, _11 1}! {Sb1 _11 1}}1
Maxl terations -> 200,

Met hod -> "Differenti al Evol ution"]]

{9. 84 Second,

1., {y->-1.25, x> -0.8, c5 > -0.21616,
Cp » -0.660006, s; -~ 0.976358, s, - 0.75126}}}
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Now we mustfind moreenvelopgoointsin orderto reconstructhe curvethere
from. We beginwith the solutionpoint we just found. We refine theresultto
high precisionusingalocal root finder.

al I but xvars = {y, A, Ca, Cp, Sa, Sp};
root betterl1 = Fi ndRoot [pol yx1 == 0,
Eval uat e [Appl y [Sequence, Transpose]|
{al | but xvars, all butxvars /. root1}]1]],
Preci si onGoal -> 30, AccuracyGoal -> 30,
Wor ki ngPr eci si on -> 40]

{y - -1.250000000000000000000000000000000000000,
A - -0.8000000000000000000000000000000000000000,
Ca » -0.2161602216738507564577821056665342220011,
Cp > -0.6600058667231611698297450258095487924794,
Sa > 0.9763579049538/7/07461327588348339739536197,
Sp > 0. 7512604447799769626674008564740588415410}
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To deducethe actualcurvewe will requirea numberof {x, y} pairsof points
lying onit. We will treatthis asa homotopycontinuationproblemwhereinthe
roots found abovewill beinitial valuesfor a differential system.We create
the systembelowbutdisplayit in abbreviatedorm dueto excessivesize.

var si nx = Through[al | but xvars[x]1];
par anpol ys =
polys /. Thread[al | but xvars - var si nx];
di ff pol ys = D[par anpol ys, x1;
Short [odesystenl = Joi n[Thread[di ff pol ys == 0],
Thread[ (varsinx /. X - 0) ==
(al | but xvars /. rootbetterl)]], 12]

{2Ca[X] Ca’[X] +28S5[X] sa’[X] =0,
2Cp[X] Cp'[X] +28p[X]sp [X] =0,
1-Ca'[X] -Cp[X]Ca [X] -Cp'[X] -
Cal[X] Cp' [X] =Sp[X] Sa"[X] -Sal[X] Sp"[X] =0,
y'[x] -5calx]*ca’ [X] -5cal[x]*cp[x]°ca’[X] +
30 Ca[X]2Sa[X]%Ca’ [X] + <<100>> +50c,[x]?
Sa[X]%sp[X]*sp’ [X] -58a[x]°sp[x]*sp’ [X] =0,
<«<135> + «<1> =0, «<l1> =0, «<l1>,
A[0] = - <«<63>, C5[0] == - «<63>, Ccp[0] ==
-0.6600058667231611698297450258095487924794,
Sa[0] =
0. 9763579049538707461327588348339739536197,
Sp [0] =
0. 7512604447799769626674008564740588415410}
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Now we solveit.

desol nl =
NDSol ve [odesyst enil, varsinx, {x, 0, 1.2}];

NDSol ve: : ndsz :
At x == 0.3090169939494037‘, step size is effectively zero; singularity or stiff system suspected.

The messageells uswe werenot ableto getvery far. Most likely we arenear
a tangentialintersectiorof solutioncurves.But whatwe havesufficesto give
us pointsontheenvelopecurve.We refineto high precision.

sol nfunctionsl =First [varsinx /. desol nl1];
val uelistsl =Table[Join[{t » X},
Thread[Li st [al | but xvars, sol nfunctionsl1]]],
{x, 0, 3710, 5/1000}]1 /. t > X,
hi ghprecsol nsl1 = Tabl e[Fl atten[
{First [valuelistsl[[j]]], FindRoot [Eval uate]
(polys /. First [valuelists1[[j]]1]) =01,
Eval uat e [Appl y [Sequence,
Rest [valuelists1[[jJ 11111,
Preci si onGoal -» 100, AccuracyGoal - 100,
Wor ki ngPr eci si on » 150]}],
{j, Length[val uelistsl]}];
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We repeatthe processof finding one solution, refining it, approximatinga
partof the curvethroughit, andrefining individual pointsthereon.

pol yx2 =polys /. X ->-2/5;
Timng[{val, root2} =NMnim ze[{1l, Flatten]
{Thread[pol yx2"2 == 0], -1.2 <=y <=-.9}1},
{{y, -1.2, -.9}, {A, -10, 10}, {ca, -1, 13,
{Cb’ _11 1}1 {Sa, _1’ 1}1 {Sb1 _1! 1]’};
Maxl t erati ons -> 200,
Met hod ->"Differential Evol ution"]]

{10. 48 Second,
(1., {y>-1.02904, x> 1.5674, c, > -0.847762,
Cp » -0.337837, s5 - 0.530377, sp - 0.94120411}
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root better2 =Fi ndRoot [pol yx2 == 0,
Eval uat e [Appl y [Sequence, Transpose]|
{al | but xvars, all butxvars /. root2}]11]11,
Preci si onGoal - 30, AccuracyGoal - 30,
Wor ki ngPr eci si on -» 40];
odesysten? = Joi n[Thread[di ff pol ys == 0],
Thread[ (varsinx /. X - -2/5) =
(al | but xvars /. rootbetter2)]];
desol n2 = NDSol ve [odesyst enR, var si nx,
{x, -2/5, -1}1;

NDSol ve: : ndsz : At x == -0.809017, step size is effectively zero; singularity or stiff system suspected.

sol nfunctions2 = First [varsi nx /. desol n2];
val uel i sts2 = Tabl e[Join[{t -» X},
Thread[Li st [al | but xvars, sol nfunctions2]]],
{x, -2/5, -4/5, -5/71000}] /. t > Xx;
hi ghprecsol ns2 = Tabl e[Fl atten[
{First [valuelists2[[j]]], FindRoot [Eval uate][
(polys /. First [valuelists2[[j1]1]) =07,
Eval uat e [Appl y [Sequence,
Rest [val uel ists2[[j 11111,
Preci si onGoal -» 100, AccuracyGoal - 100,
Wor ki ngPr eci si on » 150]}],
{j, Length[val uelists2]}];
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With thesevalueswe canreconstructhe curve.We guesghatit is a polyno-
mial of degreeatmost2 iny, and12 in x. We form the possiblemonomialsas
our "basis"set,evaluatetheseat the {x, y} valuescorrespondindo our high

precisionapproximation®f pointson the envelope andfind the appropriate
null space.

Short [
xyval s = Joi n[hi ghprecsol ns1, hi ghprecsol ns2] /.
((a_/; 'MatchQ[a, x |y]) » b ) =» Sequence[], 4]
xypowers = Fl atten[Tabl e[x"] »y"K,
{1, 0, 12}, {k, O, 2}]1;
val uevectors = xypowers /. xyval s;
ns = Nul | Space[val uevectors];
Lengt h[ns]
1

{{XeO, y > - <<170>>}, {xez—oo_, y o

-1. 256249375012500000000000000000000000000000 -
0000000000000000000000000000000000000000000 -
0000000000000000000000000000000000000000000 -

OOOOOOOOOOOOOOOOOOOOO},

{Xe%, y+—<<170>>}, {Xe%, y -

-1.268733128037500000000000000000000000000000-
0000000000000000000000000000000000000000000 -
0000000000000000000000000000000000000000000 -

OOOOOOOOOOOOOOOOOOOOO} , <<134>>,

X > -<x<1l>, «<1>1, {X%—liogo—, ye—<<170>>},
{Xe—;—gg—, ye—<<170>>}, {Xe—%, ye—<<170>>}}

16
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1€ null vectorsmeanswe havetoo largea basis.We needto "squeeze'buta
null vectorin termsof lower degreemonomials.We do this by Gaussian
elimination.

ns2 = Chop[ns, 10" (-145)1];

ns3 = Map[Reverse, ns2];

rred = RowReduce[ns3];

rred2 = Chop[rred, 10" (-145)7];
N[Last [rred2]]

{0., 0., 0., 0., 0., 0., 0., 0., 0., 0.,

0., o., 0., o0., 0., 0., 0., 0., 0., 0., O.,
0., 60.,1,60., 0., 0., 0., 0., -1.25, 0.,
0., 0., 0., 0., 0.3125, 0., 0.25, 0.3125}

We rationalize,find the commondenominatorfemoveit by multiplication,
andfinally form the curveby associatinghe resultingvectorof coefficients
with themonomialbasis.

coeffs = Rationalize[Last [rred2]];

mult = Appl y[LCM Denomi nat or [coeffs]];
coeffs2 =coeffsxnult;

envel opepi ece3 = coef f s2. Rever se [xypower s]

5+5x-20x3+16x°+4y
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envpl ot 3 =
| mplicitPl ot [Eval uat e[envel opepi ece3 == 0],
{x, -2, 3.2}, {y, -2, 3.2},
Pl ot Styl e - {Thi ckness[. 008], GrayLevel [. 2],
Dashing[{. 12, .08}]}, PlotPoints - 1000];

'
I
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| I =Show[{l pl ot, envplotl, envplot?2, envplot3}];
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Verification

To verify thatour curveis partof the envelopepick specificexactvaluesand
seeif theyareconsistenwith the original system.For example we solvefor
y whenx=-1/2.

xycoord = Prepend|[
First [Sol ve[ (envel opepiece3 /. x »-1/2) =0,
y1l, X = -=-1/2]

1 9
{X - — 7, y - — g }
Pluginto the systemcheckthatwe geta nontrivial Grébnerbasis.

G oebner Basi s[pol ys /. xycoord, {A, Ca, Cp, Sa, Sb},
Monom al Or der -> Degr eeRever seLexi cogr aphi c]
{4-5%, 7-4c,-4cCcp-8s2-8s,5sp -8s%,
~1+cg+Sf, -1-2Ca-2C,-2CaCp-28SaSh,
1+4ca-8c2+4cCp+8SaSp+8SsE,
2S,-2ChSa-5Sp+2CaSp+4CpSp +8SE,
5Sa+4C2Sa+3CphSa-Sp-7CaSp-4CpSp-16s,SE,
~2-3cp +4s?+8cp St
~1+Ch+28SaSp-2CpSaSp+2SE+2C,SE,
~3-4C3+4S2Sp+8CaSaSp+8sZ+8cCasi}

If we do this with enoughpointswe canprovethatthe entirecurvesatisfies

the boundary curve system (standard result involving polynomial
interpolation).
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Alternative methods

(i) Useintegerrelationfinding to deducefrom onepoint,the smallestpolyno-
mial equationit satisfies A drawbackis this will not be usefulfor approxi
mate casesor caseswherethe polynomialfactorizateshontrivially over an
algebraicextensiorof therationals.

(i) Useimageprocessingnethodsof edgedetectionto solvefor {x, y} pairs
on the envelopecurve.Useseries'inversion"to formulatea Puiseuxseriesto
obtain{a, b} as(multivalued)functionsof {x, y} on that curve.Thesecould
thenreplacethe optimizationand ODE solving stepswe usedabove As those
were computationallythe mostdifficult andrequiredthe mostuserinterven-
tion, anythingto makethemeasiemwould be advantageous.
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Applications

| tendto envisionthe methodsdescibedereasusefulfor finding exactcurves
and possiblysurfacesn caseswvherethesearereally needecde.g. problems
from pure math. For approximationpurposeghereare usually better/faster
approachesA possibleexceptionmight be in finding relationssatisfiedby
solutionsto ODEs,in casesvheretheylie on algebraicvarietiesbut arenot
explicitly presenteé@sDAESs (for one,this knowledgecanbe usefulfor dedue-
ing long termevolutionof suchsolutions).

Needlesgo say,| would beinterestedn hearingaboutotherpossibleusesfor
this technology.
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Summary

Startingwith a problemin numbertheorywe wereled to considerthe problem
of finding boundingcurvesto certaintrigonometricplanarmaps.At modest
degreesymbolic methodsfail to handlethis in reasonabl¢ime. We instead
employedseveralnumerictechnologiesto wit, an optimizer(employedasa
constraintsatisfactiorsolver),alocal root finder,an ODE solver,andnumeric
linearalgebrato find our curve.We thenusea fastsymbolicmethodto verify
thatit is correct.We illustratedon an examplethathadnot beenamenabldo
tacticsfrom symbolicalgebra.

ThereareseverabpenquestionsThegeneraissuesare
(i) How to improveperformance?
(i) Towhatclasse®f problemso applythesetechniques?
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