Reprint from the Mathematica Conference June, 1992 Boston, MA

Mathematica is a registered trademark of Wolfram Research, Inc. All other product names mentioned are trademarks of their producers. Copyright � 1992 by Wolfram Research, Inc.

All rights reserved. No part of this document may be reproduced, stored in a retrieval system, or transmitted, in any form or by any means, electronic, mechanical, photocopying, recording or otherwise, without the prior written permission of the copyright holder. 740.9.10.1992

Indeffnite and Deffnite Integration Kelly Roach

1 Indeffnite Integration............................... Q.2 2 Deffnite Integration.................................. Q.16 3 Miscellaneous Integrals.......................... Q.19 4 Bibliography............................................. Q.20

Q.2 Indeffnite and Deffnite Integration

1 Indeffnite Integration

1.1 Differential Fields

Internal Representation. The ffrst step in Mathematica’s integration algorithm is to convert the integrand into an internal form where recognition of algebraic relationships and lack of such relationships is comparatively easy. For example, the input x excos x + √ § + 1 + 3 √ sinh x2+ log x + sin^{−∞}§ ⟩∫ ⌋≀\⊑⌉∇⊔⌉⌈ ⟩\⊔≀ ⊔⟨⌉ {≀↕↕≀⊒⟩\} {≀∇⇕¬

⊑ △ √ ▽ ( ^ + c6^{−∞} ∈ ) + a7+ a9+ v10+ v12

where the deffnitions of the internal variables are given by

def(v1) = 1 def(v2) = e def(v3) = π def(v4) = x def(p5) = v2v4 def(c6) = v2i v4 def(a7) = √ + 1 def(h8) = v2v4 2 def(a9) = 3 √ [ − ⟨∀^{−∞} ∈ def(v10) = log v4

def(a11) = √ − ⊑△∈ def(v12) = −⟩ log(i v4+ a11)

Some facts�such as the transcendental independence of v 4, p5, c6, v10, and v 12and that a 7, a9 are algebraics� can be read directly off internal form▷ Other facts�such as v^′_△ = 1, p^′_▽ = p5, v^′_{∞′}= v^{−∞}_△ ⇔ ≀∇ ⊣^∈ = v4+ 1�are recorded on the side. There are ffve kinds of indexed variables: a i, ci, hi, pi, and v i▷ Examples of how these variables are used are given below.

1↽ a i algebraics. √ § + 1, 3 √ †, √ sin z

2) ci, circulars: cos x, sin u2, tan(ev)

3) hi, hyperbolics: cosh x, sinh u2, tanh(ev)

4) pi, powers: ex, yy, a^{log x}

5) v i, other variables: x, y, z, logx, sin −∞ ‡, e, π

There is an input routine and an output routine that convert into and out of this representation▷ Otherwise the operations of Mathematicaφs integrator are performed exclusively on internal forms▷ The rest of this paper will concern itself with how this internal representation is built up and then processed to produce answers▷ Theta Variables▷ Throughout this paper we use variables like θ 1, . . ., θn to stand for internal variables ai, ci, hi, pi and v i▷ We assume as a convention that def(θ 1) = x. Differential Fields. A differential ffeld F is a ffeld F where, in addition to the usual operations of +, −⇔ ·⇔ ⊣\⌈ / there is a derivation operator^′⇔ ⊒⟨⟩⌋⟨ ⇕⊣√∫ F ⟩\⊔≀ ⟩⊔∫⌉↕{ ⊣\⌈ ⌉\|≀†∫ ⊔⟨⌉ √∇≀√⌉∇⊔⟩⌉∫ ∞⇒ (f + g)^′ = f^′ + g^′

∞ I\⌈⌉⊘\⟩⊔⌉ I\⊔⌉}∇⊣⊔⟩≀\ Q↙∋

∈⇒ (f · })^′ = f^′ · } + f · }^′

W⌉ ∫⟨⊣↕↕ }⌉\⌉∇⊣↕↕† ⊣∫∫⊓⇕⌉ § ∈ F ⊣\⌈ § ′ = 1, so that the^′ ≀√⌉∇⊣⊔≀∇ ⌋⊣\ ⌊⌉ ⊔⟨≀⊓}⟨⊔ ≀{ ⊣∫ ∂/∂ x▷ A constant αeld is a differential αeld K such that f^′ = 0 for all f ∈ K↙ E↕⌉⇕⌉\⊔⊣∇† F⟩⌉↕⌈∫↙ L⌉⊔ F = K(θ 1, . . ., θn) be a differential ffeld where K is a constant ffeld. Let F i = K(θ1, . . ., θi). Then we will say F is an elementary ffeld provided that θ^′_∞= 1 and for 2 ≤ ⟩ ≤ \ ≀\⌉ ≀{ ⊔⟨⌉ {≀↕↖ ↕≀⊒⟩\} ⊔⟨∇⌉⌉ ⌋≀\⌈⟩⊔⟩≀\∫ ⟨≀↕⌈∫¬

∞⇒ θi is algebraic over F i_{−∞} ∈⇒ θ^′_⟩ = η^′/η for some η ∈ F ⟩_{−∞}⇐θ i = log η↽ 3↽ θ^′_⟩ = η^′ θi for some η ∈ F ⟩_{−∞}⇐θ i = e^η)

We shall generally be working with elementary ffelds. A purely transcendental ffeld is an elementary ffeld in which θ i is transcendental over F i_{−∞}{≀∇ ∞ ≤ ⟩ ≤ \↙ E↕⌉⇕⌉\⊔⊣∇† F⊓\⌋⊔⟩≀\∫↙ T⟨⌉ ⊑⟩∇⊔⊓⌉ ≀{ ⊔⟨⌉ ⌋≀\⌋⌉√⊔ ≀{ ⊣\ ⌉↕⌉⇕⌉\⊔⊣∇† ⊘⌉↕⌈ ⟩∫ ⊔⟨⊣⊔ ⊣\† ⌉↕⌉⇕⌉\⊔⊣∇† {⊓\⌋⊔⟩≀\� ⊔⟨⌉ ⊔†√⌉ ≀{ {⊓\⌋⊔⟩≀\ ⊔⟨⊣⊔ ⊣√√⌉⊣∇∫ ⟩\ ⊣ ⊔†√⟩⌋⊣↕ ∫⇕⊣↕↕ ⊔⊣⌊↕⌉ ≀{ ⟩\⊔⌉}∇⊣↕∫�⌋⊣\ ⌊⌉ ⇕⊣⌈⌉ ⊔≀ ↕⟩⌉ ⟩\ ⊣\ ⌉↕⌉⇕⌉\⊔⊣∇† ⊘⌉↕⌈↙ T⟨⌉ ⟩\⊔⌉}∇⊣↕ ≀{ ⊣\ ⌉↕⌉⇕⌉\⊔⊣∇† {⊓\⌋⊔⟩≀\⇔ ⟩{ ⌉↕⌉⇕⌉\⊔⊣∇†⇔ ⊒⟩↕↕ ↕⟩⌉ ⟩\ ⊔⟨⌉ ∫⊣⇕⌉ ⌉↕⌉⇕⌉\⊔⊣∇† ⊘⌉↕⌈⇔ √≀∫∫⟩⌊↕† ⌉§⊔⌉\⌈⌉⌈ ⌊† ∫≀⇕⌉ ⊣↕}⌉⌊∇⊣⟩⌋ ⌋≀\∫⊔⊣\⊔∫ ⊣\⌈ \⌉⊒ ↕≀}⊣∇⟩⊔⟨⇕∫↙ E⊑⌉∇† {⊓\⌋⊔⟩≀\ ⊔⟨⊣⊔ ⟩∫ ⌊⊓⟩↕⊔ ⊓√ ≀⊓⊔ ≀{ ⌋≀\∫⊔⊣\⊔∫ §⇔ +, −⇔ ·⇔ / exp(), and log() is elementary. The set of ele- mentary functions includes powers, radicals, trigonometric functions, and inverse trigonometric functions as we can see from the following table:

uv= ev^{log u n} √ ‡ = z 1n = e 1n_{log z}

sin(z) = − ⟩ ∈ ⌉⟩§+ i 2 e^{−⟩ §} cos(z) = 1 2 eix+ 1 2 e^{−⟩ §} sinh(z) = 1 2 ex− ∞ ∈ ⌉^{−§} cosh(z) = 1 2 ex+ 1 2 e^{−§} sin^{−∞}(z) = −⟩ log(i z + √ ∞ − ‡∈) cos^{−∞}(z) = π 2 − sin^{−∞}(z)

tan^{−∞}(z) = −⟩ log ( + i z √ ∞ + z2 ) tan^{−∞}(u, v) = −⟩ log ( + i v √ ⊓∈+ v2 )

csc^{−∞}(z) = sin^{−∞}( 1 z ) sec^{−∞}(z) = cos^{−∞}( 1 z ) cot^{−∞}(z) = tan^{−∞}( 1 z ) sinh^{−∞}(z) = log(z + √ ∞ + z2)

cosh^{−∞}(z) = log ( + (z + 1) √ − ∞ ‡ + 1 ) tanh^{−∞}(z) = log ( + z √ ∞ − ‡∈ )

csch^{−∞}(z) = sinh^{−∞}( 1 z ) sech^{−∞}(z) = cosh^{−∞}( 1 z ) coth^{−∞}(z) = tanh^{−∞}( 1 z )

The Input Algorithm. When presented with an integrand f, the integration algorithm ffrst converts f into internal form. It processes the input by working inside out, adding new variables θ i and new deαnitions def(θi) to its table of deffnitions as necessary. However, the input algorithm, also, as it processes its input, makes conclusions about related subexpressions of the input so that, roughly speaking, as few θ i variables are created as necessary▷ To give an example consider the input expression ex + e^{−§}

Q↙△ I\⌈⌉⊘\⟩⊔⌉ ⊣\⌈ D⌉⊘\⟩⊔⌉ I\⊔⌉}∇⊣⊔⟩≀\

I⊔ ⟩∫ ⇕⊓⌋⟨ ⌊⌉⊔⊔⌉∇ {≀∇ ⊔⟨⌉ ⟩\√⊓⊔ ⊣↕}≀∇⟩⊔⟨⇕ ⊔≀ ⌋∇⌉⊣⊔⌉ ⊔⟨⌉ ⊔⊣⌊↕⌉ ≀{ ⌈⌉⊘\⟩⊔⟩≀\∫ def(θ1) = x def(θ2) = e^{θ1}

and to represent the input as θ 2 + θ2 −∞ ⊔⟨⊣\ ⊔≀ ⌋∇⌉⊣⊔⌉ ⊔⟨⌉ ⊔⊣⌊↕⌉ ≀{ ⌈⌉⊘\⟩⊔⟩≀\∫ def(θ1) = x def(θ2) = e^{θ1} def(θ3) = e^{−θ1}

and represent the input as θ 2 + θ3▷ It should be obvious that θ 3 is algebraically related to θ 2. θ3 = θ2 −∞ ↙

T∇⊣\∫⌋⌉\⌈⌉\⊔⊣↕ ⊑⌉∇∫⊓∫ A↕}⌉⌊∇⊣⟩⌋↙ G⟩⊑⌉\ ⊣\ ⌉§⊔⌉\∫⟩≀\ ⊘⌉↕⌈ F(θ), we say that θ is algebraic over F provided there is some nonzero polynomial p(z) ∈ F[z] such that p(θ) = 0. Otherwise, we say that θ is transcendental over F▷ The integration algorithm works best when it is working inside a αeld F = K(θ 1, . . . , θn) where each θ i is transcendental over F i_{−∞}= K(θ1, . . . , θi_{−∞}). Some capability to treat algebraic θ i is nevertheless available in Mathematica▷ The ability to treat algebraics in full generality is hopefully something that can be accom plished some time in the future▷ It is important for the integration algorithm to distinguish whether each θ i is algebraic or transcendental over F i_{−∞}↙ F≀∇ ⌉§⊣⇕√↕⌉⇔ ⟩{ def(θ1) = x def(θ2) = √ θ1 + 1

then it is critically important to avoid dividing by θ 2 − θ1 − ∞↙ T⟨⌉ R⟩∫⌋⟨ S⊔∇⊓⌋⊔⊓∇⌉ T⟨⌉≀∇⌉⇕ }⟩⊑⌉∫ ⊣ ⊒⊣† ⊔≀ ⇕⊣‖⌉ ⊔⟨⟩∫ ‖⟩\⌈ ≀{ ⌈⟩∫⊔⟩\⌋⊔⟩≀\⇔ ⊣↕}≀∇⟩⊔⟨⇕⟩⌋⊣↕↕†↙ R⟩∫⌋⟨ S⊔∇⊓⌋⊔⊓∇⌉ T⟨⌉≀∇⌉⇕↙ T⟨⌉ R⟩∫⌋⟨ S⊔∇⊓⌋⊔⊓∇⌉ T⟨⌉≀∇⌉⇕ ⌋⊣\ ⌊⌉ ∫⊔⊣⊔⌉⌈ ⊣∫ {≀↕↕≀⊒∫↙ L⌉⊔ η lie in the differen tial αeld F = K(θ 1, ..., θn). Let E and L be the sets of indices of exponentials and logarithms among θ 2, ..., θn respectively▷ Assume that θ i = log ηi or θ i = e^{ηi} for 2 ≤ ⟩ ≤ \↙ T⟨⌉\ ∞⇒ ⌉^η is algebraic over F if and only if there exists a constant C ∈ K ⊣\⌈ ∫≀⇕⌉ ∇⊣⊔⟩≀\⊣↕ \⊓⇕⌊⌉∇∫ ρ i such that η = C + ∑ ]∈E ρi ηi + ∑ ]∈L ρi θi

2↽ log η is algebraic over F if and only if there exists a constant C ∈ K ⊣\⌈ ∫≀⇕⌉ ∇⊣⊔⟩≀\⊣↕ \⊓⇕⌊⌉∇∫ ρ i such that η = C ∏ ]∈E θi^{ρi} ∏ ]∈L ηi^{ρi} This equation implies the equation η^′ η = ∑ ]∈E ρi η^′_⟩ + ∑ ]∈L ρi η^′_⟩ ηi which is somewhat easier to use▷ The Risch Structure Theorem gives us an algorithm for determining whether e^η or log η is transcendental over F because it is possible to form the equations above and then solve for the C and ρ i or prove they do not exist▷ Normalized and Reduced Fields▷ As a further preparation for the Risch algorithm we require that our dif ferential αelds be normalized and reduced▷ When Risch αrst proposed his algorithm to integrate elemen tary functions there were extra complications to solving differential equations of the type y^′ + f y = g

that entailed expensive calculations of degree bounds and solving linear systems of equations.

Davenport (1986) has found a way out of these difffculties by requiring differential ffelds to be normalized and reduced. Suppose that at any point as we are constructing our differential ffeld we want to extend the

1 Indeffnite Integration Q.5

ffeld F = K(θ1, ..., θn) by the exponential e^η ▷ If η depends on ϕ and lies in K(θ 1, ..., ϕ), let the series expansion of η with respect to ϕ be η = . . . + η_{−∞}ϕ^{−∞}+ η0+ η1ϕ + . . . We say that e^η is reduced provided η 1 is not a rational number or ϕ is not a logarithm▷ If this is not the case then η 1ϕ = ρ log ζ and the expression ζ^ρ e^{η−η1 ϕ} should be input in place of e^η▷ We say that e η is normalized provided that η 0 is independent of x▷ If this is not the case then the expression e^{η0} e^{η−η0} should be input in place of e^η ▷ We say that the differential αeld F is normalized and reduced provided that all its exponentials are normal ized and reduced▷

1▷2 The Risch Algorithm

Risch ↼1969↽ presented the αrst real breakthrough in the area of symbolic integration by describing an algo rithm to compute integrals of elementary functions provided the answers are elementary functions▷

Partial Fraction Decompositions▷ A critical concept required to describe the Risch algorithm is the notion of a partial fraction decomposition▷

Suppose f ∈ F(θ). Then a partial fraction decomposition of f with respect to θ is a representation of f as

f(θ) = fpoly(θ) + ∑ ],j fij(θ) qi(θ)j where f poly(θ), fij(θ), qi(θ) ∈ F[θ] are polynomials in θ deg(f ij(θ), θ) < deg(qi(θ), θ) and the qi(θ) are relatively prime and square-free.

For technical reasons, there is the following additional complication if θ is of the form θ = e^η▷ In this case

we allow f poly(θ) to be a generalized polynomial of the form

fpoly(θ) = n∑ ]=−⇕ {⟩ θi and add the restriction that θ ̸| ∐ ⟩(θ). (There are even more complications when θ = c i or θ = hi, but these

complications won’t be discussed.) In any circumstances, we refer to fpoly(θ) as the polynomial part of f and to ∑ ],j fij(θ) qi(θ) j as the fraction part of f. We further break down the polynomial part of f by referring to −∞∑ ]=−⇕ {⟩ θi, f0, n∑ ]=1 fi θi as the negative half the zero part and the positive half of f poly▷ Liouville Structure Theorem▷ Suppose f ∈ F = K(θ 1, θ2, . . . , θn). Then according to the Liouville Structure Theorem, if the integral of f is an elementary function, then we must have ∫ ~ ^ = y + ∑ ^]log hi for some y ∈ F(x), constantsc i ∈ �K⇔ ⊣\⌈ ⟨⟩ ∈ �KF(x). This theorem, proved by Risch, is a generalization of a result due to Liouville. We refer to y as the rational part of the integral, and we refer to ∑ ^]log hi as the logarithmic part of the integral. (The decomposition is not necessarily unique, as it may be possible to move some terms back and forth between the rational part and the logarithmic part.)

Q.6 Indeffnite and Deffnite Integration

Risch’s Theorem. Risch’s Theorem can be stated as follows. Let F = K(θ 1, θ2, . . . , θn) be a differential ffeld. Then 1) If f ∈ F⇔ ⊔⟨⌉\ ⊔⟨⌉∇⌉ ⟩∫ ⊣\ ⊣↕}≀∇⟩⊔⟨⇕ ⊔≀ ⌋≀⇕√⊓⊔⌉ ∫ ~ ^ = y + ∑ ^] log hi where y ∈ F(x), c i ∈ �K, and h i ∈ �KF(x). 2) If f, g ∈ F⇔ ⊔⟨⌉\ ⊔⟨⌉∇⌉ ⟩∫ ⊣\ ⊣↕}≀∇⟩⊔⟨⇕ ⊔≀ ∫≀↕⊑⌉ †^′ + f y = g where y ∈ F↙ R⟩∫⌋⟨≃∫ A↕}≀∇⟩⊔⟨⇕↙ T⟨⌉ √∇≀≀{ ≀{ R⟩∫⌋⟨≃∫ T⟨⌉≀∇⌉⇕ ⊣\⌈ ⊔⟨⌉ ⊣↕}≀∇⟩⊔⟨⇕ {≀∇ ⌋≀⇕√⊓⊔⟩\} ⟩\⌈⌉⊘\⟩⊔⌉ ⟩\⊔⌉}∇⊣↕∫ ≀{ ⌉↕⌉⇕⌉\⊔⊣∇† {⊓\⌋⊔⟩≀\∫ √∇≀⌋⌉⌉⌈∫ ⌊† ⟩\⌈⊓⌋⊔⟩≀\ ≀\ \↙ B⊣∫⌉ S⊔⌉√↙ A∫ ⊔⟨⌉ ⌊⊣∫⌉ ∫⊔⌉√ ≀{ ⊔⟨⌉ ⟩\⌈⊓⌋⊔⟩≀\ √∇≀≀{⇔ ⌋≀\∫⟩⌈⌉∇ ⊔⟨⌉ ⌋⊣∫⌉ \ = 0. Then F = K is a constant ffeld. Here we have 1) If f ∈ F⇔ ⊔⟨⌉\ ∫ ~ ^ = f x and f x ∈ F(x). 2) If f, g ∈ F⇔ ⊔⟨⌉\ †^′ + f y = g implies y = g/f▷ The Induction Hypothesis▷ To carry out the rest of Rischφs algorithm we assume the following induction hypothesis▷ Let F i = K(θ1, ..., θi). Then we assume that 1↽ If f ∈ F⟩⇔ ⊔⟨⌉\ ⊔⟨⌉∇⌉ ⟩∫ ⊣\ ⊣↕}≀∇⟩⊔⟨⇕ ⊔≀ ⌋≀⇕√⊓⊔⌉ ∫ ~ ^ = y + ∑ ^⌊ log hj where y ∈ F ⟩(x), cj ∈ �K, and h j ∈ �KF⟩(x). 2) If f, g ∈ F⟩⇔ ⊔⟨⌉\ ⊔⟨⌉∇⌉ ⟩∫ ⊣\ ⊣↕}≀∇⟩⊔⟨⇕ ⊔≀ ∫≀↕⊑⌉ †^′ + f y = g where y ∈ F ⟩↙ T⟨⌉ I\⌈⊓⌋⊔⟩≀\ S⊔⌉√↙ T⟨⌉ ⟩\⌈⊓⌋⊔⟩≀\ ∫⊔⌉√ ⊒⟩↕↕ ⌊⌉ ⊔≀ ∫⟨≀⊒ ⊔⟨⊣⊔ ⟩{ ⊔⟨⌉ ⟩\⌈⊓⌋⊔⟩≀\ ⟨†√≀⊔⟨⌉∫⟩∫ ⟨≀↕⌈∫ {≀∇ ⊔⟨⌉ ⌈⟩{↖ {⌉∇⌉\⊔⟩⊣↕ ⊘⌉↕⌈ F ⟩⇔ ⊔⟨⌉\ ⟩⊔ ⟨≀↕⌈∫ {≀∇ ⊔⟨⌉ ⌈⟩{{⌉∇⌉\⊔⟩⊣↕ ⊘⌉↕⌈ F ⟩_{+1}. This is somewhat lengthy, and is described in the following two sections.

1.3 The Problem of Integration

Suppose our integrand f lies in the differential ffeld F(θ). Then according to the Liouville Structure Theorem, ∫ ~ ^ = y + ∑ ^⌊log hj where y ∈ F(θ), c j ∈ �K, and b j ∈ �KF(θ). Fraction Part. To compute the fraction part of y, let f(θ) = fpoly(θ) + ∑ ],j fi j(θ) qi(θ)j

1 Indeffnite Integration Q.7

be the partial fraction decomposition of f. Now we make the following observation. Let p(θ) and q(θ) be relatively prime polynomials in θ ↼and such that θ ̸| ∐(θ) if θ = e^η↽▷ Then ( √(θ) q(θ)k )_′ = (p(θ))^′ ∐(θ) k − ‖ √(θ) (q(θ))^′ ∐(θ) k^{+1}

Hence, if a(θ) is a polynomial in θ we have the rule ∫ ∐(θ) q(θ)k dx = b(θ) q(θ)k^{−∞} + ∫ ^(θ) q(θ)k^{−∞⌈§} ⊒⟨⌉∇⌉ √≀↕†\≀⇕⟩⊣↕ ⌊(θ) is the solution to the equation

−(k − ∞)(q(θ))^′ ⌊(θ) = a(θ) (mod q(θ), θ) which then determines the polynomial c(θ).

Each fraction ∑ ⌊ ~]⌊(θ) qi(θ)j

will contribute to the fraction part of y as follows. Let q(θ) = q i(θ) be the denominator appearing in such a fraction. We use the above rule to successively reduce the fraction to a fraction of the form fi1(θ) qi(θ) Each b(θ)/q(θ)k^{−∞}}⌉\⌉∇⊣⊔⌉⌈ ⊔⟨⟩∫ ⊒⊣† ⌊⌉⌋≀⇕⌉∫ √⊣∇⊔ ≀{ ⊔⟨⌉ {∇⊣⌋⊔⟩≀\ √⊣∇⊔ ≀{ †↙ P≀↕†\≀⇕⟩⊣↕ P⊣∇⊔↙ A{⊔⌉∇ ⊔⟨⌉ {∇⊣⌋⊔⟩≀\ √⊣∇⊔ ≀{ † ⟩∫ ⌋≀⇕√⊓⊔⌉⌈⇔ ≀⊓∇ ⟩\⊔⌉}∇⊣⊔⟩≀\ √∇≀⌊↕⌉⇕ ⟩∫ ∇⌉⌈⊓⌋⌉⌈ ⊔≀ ⊣ \⌉⊒ ⟩\↖ ⊔⌉}∇⊣⊔⟩≀\ √∇≀⌊↕⌉⇕ ∫ ~ ^ = y + ∑ ^⌊ log hj

where f(θ) ∈ F(θ) is of the form f(θ) = fpoly(θ) + ∑ ~](θ) qi(θ) and where y(θ) ∈ F(θ) is a polynomial in θ c j ∈ �K⇔ ⊣\⌈ ⟨| ∈ �KF(θ). Suppose y(θ) = ∑ ]θi = y_α θ^α + . . . fpoly(θ) = ∑ ~]θi = f_β θ^β + . . . Differentiating the integral and ignoring the log part we get f(θ) = f_β θ^β + . . . = (y(θ) + . . .)^′ = (y_α θ^α + y_{α−∞}θ^{α−∞}+ . . .)^′ + . . . We proceed to calculate the polynomial part of y according to whether θ = x, log η, or e^η▷ Case θ = x. In this case, we get the equation α y_α θ^{α−∞}+ . . . = f_β θ^β + . . . from which we conclude α = β + 1

y_α = f_β α Case θ = log η▷ Assume y_α is a constant▷ Then we get the equation ( α y_α θ^′ + y^′_{α−∞} ) θ^{α−∞}= f_β θ^β from which we conclude α = β + 1 ∫ ~_β dx = α y_α θ + y_{α−∞}+ C

Both sides of this equation are elements of F(θ) and are linear polynomials in θ▷ The integral is calculated via the induction hypothesis and then examination of the coefαcients of θ 1 and θ 0 in this equation com pletely determines y_α and determines y_{α−∞}⊔≀ ⊒⟩⊔⟨⟩\ ⊣ ⌋≀\∫⊔⊣\⊔↙ I{ ⊒⌉ ∫⌉⊔ {\⌉⊒ = f − (yα θ α + (y_{α−∞}+ C) θ^{α−∞})^′

Q↙∀ I\⌈⌉⊘\⟩⊔⌉ ⊣\⌈ D⌉⊘\⟩⊔⌉ I\⊔⌉}∇⊣⊔⟩≀\

⊔⟨⌉\ { \⌉⊒ ⟩∫ ⊣ \⌉⊒ √≀↕†\≀⇕⟩⊣↕ ⟩\ θ with deg(f new, θ) < deg(f, θ) and ∫ ~ ^ = y_α θ^α + (y_{α−∞}+ C) θ^{α−∞}+ ∫ ~{~^ ⋁~ √√}^~~^ } ⟩{^ [~ √~√ }~ [~ √}⌈{}⌉]∐⌈ √∐√ ^ ]{~~√∐]{~ ~{~/ ∐√~ θ = e^η ▷ In this case we get the equation (y^′_α + α η^′ †_α) θ^α + . . . = f_β θ^β + . . . from which we conclude α = β y^′_α + α η^′ †_α = f_β Now y α, α η′, and f β ∈ F⇔ ∫≀ ⊔⟨⟩∫ ↕⊣∫⊔ ⌉∐⊓⊣⊔⟩≀\ ⟩∫ ⊣ R⟩∫⌋⟨ ⌈⟩{{⌉∇⌉\⊔⟩⊣↕ ⌉∐⊓⊣⊔⟩≀\ ≀⊑⌉∇ F⇔ ⊣\⌈ ⊒⌉ ⌋⊣\ ⊓∫⌉ ⊔⟨⌉ ⟩\↖ ⌈⊓⌋⊔⟩≀\ ⟨†√≀⊔⟨⌉∫⟩∫ ⊔≀ ∫≀↕⊑⌉ {≀∇ †_α▷ All the y i coefαcients of the positive half and the negative half of the polynomial part y can be solved for in similar fashion▷

Log Part▷ The log part of the integral is determined as follows▷ Suppose that f(θ) = p(θ) q(θ) where p(θ) and q(θ) are polynomials. We try to write ∫ ~(θ) dx = y0+ ∑ ^]log hi(θ) Differentiate this equation to get p(θ) q(θ)

= y0^′ + ∑ ^] (hi(θ))^′ ⟨ ⟩(θ) Now we try to arrange that q(θ) = ∏ [](θ) and this then gives us the following congruences: ∑ ] [ ^](hi(θ))^′ ∏ ⌊≠i h j(θ) ] = p(θ) (mod q(θ), θ)

ci(hi(θ))^′ ∏ ⌊≠i h j(θ) = p(θ) (mod hi(θ), θ)

ci(q(θ))^′ = p(θ) (mod hi(θ), θ) Hence, gcd(p(θ) − ⌋⟩(q(θ))^′, q(θ)) = hi(θ)

The above results should at least motivate taking the following approach to compute the log part of the integral. Let r(z) = res(p(θ) − ‡ (q(θ))^′ , q(θ), θ) The log part can be considered to be the sum of two sums, ∑ ^]log hi(θ) = ∑ [](θ)∉F ⌋ ⟩ log hi(θ) + ∑ [](θ)∈F ⌋ ⟩ log hi(θ)

the ffrst sum including those h i(θ) that depend on θ and the second sum including those h i(θ) that are free of θ▷ We set ∑ [](θ)∉F ⌋ ⟩ log hi(θ) = ∑ √(ci)=0 c i log(gcd(p(θ) − ⌋⟩(q(θ))^′, q(θ))

where the sum on the right-hand side is taken over the roots of the equation r(z) = 0. This method of using resultants to compute the log part of an integral is due to Trager.

1 Indeffnite Integration Q.9

Zero Part. We are at last left with an integral of the form ∫ ~ ^ = y0+ ∑ [](θ)∈F ⌋ ⟩ log hi(θ) At this point, f, y0, and the remaining h i(θ) are free of θ and thus lie in the differential αeld F▷ To carry out this remaining integration we use the induction hypothesis▷

1▷4 The Risch Differential Equation Suppose we are working in a differential αeld F(θ). The Risch differential equation problem is to solve the equation y^′ + f y = g for y ∈ F(θ) where f and g ∈ F(θ). Assuming F(θ) is a reduced and normalized differential ffeld, the solution y is unique and can be found as follows.

Fraction Part. To determine the fraction part of y, proceed as follows. Suppose q(θ) is a denominator in the partial fraction decomposition of f or g. If the q-adic expansions of y, f, and g are y = y_α q α + y_{α−∞} ∐ α−∞ + . . .f = f_β q β + f_{β−∞} ∐ β−∞ + . . .g = g_γ q γ + g_{γ−∞} ∐ γ−∞ + . . . then the Risch differential equation y^′ + f y = g

gives us the equation −α q^′ †_α q α+1 + . . . + f_β y_α q α+β + . . . = g_γ q γ + . . . Hence α = γ − max(1, β). Determining y_α falls into three cases▷ Case β = 0. In this case, α = γ − ∞ ⊣\⌈

−α (q(θ))^′ †_α(θ) = g_γ (θ) (mod q(θ), θ)

Case β = 1. In this case, α = γ − ∞ ⊣\⌈ (−α (q(θ))^′ + f_β(θ)) y_α(θ) = g_γ (θ) (mod q(θ), θ) Case β > 1▷ In this case α = γ − β and f_β (θ) y_α(θ) = g_γ(θ) (mod q(θ), θ) After y_α is determined we set y_{new} = y − †_α/q^α and form a new equation y ′ \⌉⊒ + f ynew= gnew and proceed to ffnd the rest of the fraction part of y in similar fashion.

Polynomial Part. After the fraction part of y is computed, our original Risch differential equation is reduced to a new Risch differential equation of the form y^′ + f y = g for some f and g ∈ F(θ), where y(θ) is known to be a polynomial in θ▷ Clear the denominators of f and g to obtain an equation r y^′ + s y = t where r(θ), s(θ), and t(θ) are polynomials in θ▷ Let us suppose that the lead terms of y(θ), r(θ), s(θ), and t(θ) are given by y(θ) = y_α θ^α + y_{α+1} θ^{α+1} + . . .

r(θ) = r_β θ^β + . . . s(θ) = s_γ θ^γ + . . . t(θ) = t_δ θ^δ + . . . Then the equation r y^′ + s y = t becomes (r_β θ^β + . . .) (y_α θ^α + . . .)^′ + (s_γ θ^γ + . . .) (y_α θ^α + . . .) = (t_δ θ^δ + . . .)

We proceed according to whether θ = x, log η, or e^η▷

Q▷10 Indeαnite and Deαnite Integration

Polynomial in θ = x. The equation r y ′ + s y = t becomes

α r_β y_α θ^{α+β−∞}+ . . . + s_γ y_α θ^{α+γ} + . . . = t_δ θ^δ + . . . Case β − ∞ > γ▷ In this case α = max(δ − β + 1, 0) and y_α = { δ/(α r_β ) α > 0 t_δ/s_γ α = 0 Case β − ∞ = γ▷ In this case α = δ − γ and y_α =

t_δ

α r_β + s_γ Case β − ∞ < γ▷ In this case α = δ − β and y α = tδ/sγ

Polynomial in θ = log η▷ Assume y α is a constant▷ The equation r y ′ + s y = t takes one of the following three forms: (1) r_β ( α y_α θ^′ + y^′_{α−∞} ) θ^{α+β−∞}+ . . . + s_γ y_α θ^{α+γ} + . . . = t_δ θ^δ + . . . ( y_α ≠ 0, α > 0)

(2) r_β y^′_{α−∞}θ^{α+β−∞}+ . . . + s_γ y_{α−∞}θ^{α+γ−∞}+ . . . = t_δ θ^δ + . . . ( y_α = 0, α > 0) (3) s_γ y_0 θ^γ + . . . = t_δ θ^δ + . . . (α = 0) Case β − ∞ > γ▷ If δ − β + 1 > 0 then equation ↼1↽ or ↼2↽ ap plies α = δ − β + 1, and r_β ( α y_α θ^′ + y^′_{α−∞} ) = t_δ Divide the last equation by r β and integrate to get the equation ∫ δ r β dx = α y_α θ + y_{α−∞}+ C

Both sides of this equation are elements of F(θ) and are linear polynomials in θ▷ The integral is calculated via recursion ↼the induction hypothesis↽ and then examination of the coefαcients of θ 1 and θ 0 in this equa tion completely determines y_α and determines y_{α−∞}⊔≀ ⊒⟩⊔⟨⟩\ ⊣ ⌋≀\∫⊔⊣\⊔↙ S⌉⊔ † \⌉⊒ = y − †α θ α − (y_{α−∞}+ C) θ^{α−∞} ⊣\⌈ {≀∇⇕ ⊣ \⌉⊒ ⌉∐⊓⊣⊔⟩≀\ ∇ † ′ \⌉⊒ + s ynew= tnew

and proceed to ffnd the rest of the polynomial y in similar fashion. If γ = δ then equation ↼3↽ applies α = 0, and y 0= t_δ/s_γ Case β − ∞ = γ▷ If δ − γ > 0 then equation ↼1↽ applies α = δ − γ and r_β ( α y_α θ^′ + y^′_{α−∞} ) + s_γ y_α = t_δ Divide the last equation by r β and integrate to get the equation α y_αθ + y_{α−∞}+ y_α (∫ √_γ r β dx ) = ∫ δ r β dx

The integrals in this equation must be of the form ∫ √_γ r β dx = a 1θ + a0 ∫ δ r β dx = b 1θ + b0Compute these two

integrals to establish the coefffcients a 0, a1, b0, and b 1▷ The quantities a 1θ +a0and b1θ +b0are then substituted into the Risch differential equation. Examination of the coefffcients of θ 1 and θ 0 in this equation completely determines y_α and determines y_{α−∞}⊔≀ ⊒⟩⊔⟨⟩\ ⊣ ⌋≀\∫⊔⊣\⊔↙ I{ α + b 1≠ 0 then y_α = a1 α + b1 y_{α−∞}= a0− ⌊′†_α + C

If α + b1= 0 then y_α = 0 y_{α−∞}= b0+ C As in the previous case, these results yield a new Risch differential

equation from which the rest of the polynomial y is determined.

1 Indeffnite Integration Q.11

If δ − γ = 0, then equation (3) applies, α = 0, and y_α = t_δ/s_γ Case β = γ▷ In this case we donφt assume y α constant but compute the lead coefαcient y α whatever it hap pens to be▷ From r β y ′ α θ^{α+β} + . . . + s_γ y_α θ^{α+γ} + . . . = s_δ θ^δ + . . . we get α = δ − γ and r_β y^′_α + s_γ y_α = t_δ which is a Risch differential equation for y α that can be solved by recursion ↼the induction hypothesis↽▷

Case β < γ▷ Like the previous case we determine the lead coefαcient y α of y▷ We get α = δ−γ and y α = tδ/sγ ▷

Polynomial in θ = e η▷ The equation r y ′ + s y = t becomes r_β (y^′_α + α η^′ †_α) θ^{α+β} + . . . + s_γ y_α θ^{α+γ} + . . . = t_δ θ^δ + . . . Case β > γ▷ In this case α = δ − β and r_β y^′_α + α η^′ ∇_β y_α = t_δ which is a Risch differential equation for y α that can be solved by recursion ↼the induction hypothesis↽▷

Case β = γ▷ In this case α = δ − β and r_β y^′_α + (α η^′ ∇_β + s_γ ) y_α = t_δ which is a Risch differential equation for y α that can be solved by recursion ↼the induction hypothesis↽▷

Case β < γ▷ In this case α = δ − γ and y α = tδ/sγ

After α > 0 and y α are determined according to one of the three cases above we set y new = y − †α θα to get a new equation r y ′ \⌉⊒ + s ynew= tnew and proceed to determine the rest of the positive half of y in similar fashion. To determine the negative half of y, we view y, r, s, t as polynomials in the Ψvariableε θ^{−∞}⊣\⌈ √∇≀⌋⌉⌉⌈ ⊣∫ ⊣⌊≀⊑⌉ {≀∇ ⊔⟨⌉ √≀∫⟩⊔⟩⊑⌉ ⟨⊣↕{ ≀{ †↙

F⟩\⊣↕↕†⇔ ⊔≀ ⌈⌉⊔⌉∇⇕⟩\⌉ ⊔⟨⌉ ‡⌉∇≀ √⊣∇⊔ ≀{ †⇔ ↕⌉⊔ { ′ ⊣\⌈ } ′ ∈ F ⌊⌉ ⊔⟨⌉ ⌋≀⌉{⊘⌋⟩⌉\⊔∫ ≀{ θ0 in the series expansions of f = s/r and g = t/r with respect to the variable θ. f = s r = . . . + f1θ + f0+ f_{−∞}θ^{−∞}+ . . . g = t r = . . . + g1θ + g0+ g_{−∞}θ^{−∞}+ . . . Then we obtain the Risch differential equation y0^′ + f0y0= g0

which we solve via recursion (the induction hypothesis).

1.5 Algebraics Most of the work to date on integration of expressions containing algebraics has been carried out by Bronstein (1990a), Davenport (1981), and Trager (1984). This work is very complicated, and only a small part of it has been implemented in Mathematica so far. Treatment of simple radical extensions, unnested radicals, is one case that has been implemented.

Suppose we are working in a differential ffeld F(ϕ, θ) where θ = n √ ∇ ⟩∫ ⊣ ∫⟩⇕√↕⌉ ∇⊣⌈⟩⌋⊣↕ ⌉§⊔⌉\∫⟩≀\ ≀{ ⊣ √⊓∇⌉ ⊔∇⊣\∫⌋⌉\⌈⌉\⊔⊣↕ ⊘⌉↕⌈ F(ϕ) and r depends on ϕ▷ We wish to compute the integral ∫ ~ θ dx = y θ + ∑ ^] log hi where f, y ∈ F(ϕ), c i ∈ �K, and h i ∈ �KF(ϕ, θ).

Q.12 Indeffnite and Deffnite Integration

Fraction Part. To compute the fraction part of y, write f = a u vk where a(ϕ), u(ϕ), v(ϕ) ∈ F(ϕ) are polynomials in ϕ such that u v k = Den(f) is a square-free factorization of the denominator of f with

Den(f) = k∏ ]=1 q i(ϕ)i

v = qk(ϕ)

u = Den(f)/vk We try to write ∫ ∐ ⌋ θ dx = b vk^{−∞} θ + ∫ ^ ⌋^{−∞} θ dx

Suppose that θ^′ = m e θ where m(ϕ), e(ϕ) ∈ F(ϕ) are polynomials in ϕ▷ Then we must have a u v k θ = − (k − ∞) b v^′ ⊑ ‖ θ + b m vk^{−∞}⌉ θ Next arrange to have e(ϕ) | ⊓(ϕ) v(ϕ) by setting anew= e gcd(e, u v) a unew= e gcd(e, u v) u if necessary, so that u v/e is a polynomial in ϕ▷ Then the unknown polynomial b(ϕ) is determined by the equation ( − (k − ∞) u v^′ + u v e m ) ^ = a (mod v, θ)

After solving for b(ϕ), the polynomial c(ϕ) can be determined. We are then left with the integration problem ∫ ^ ⌋^{−∞} θ dx which is handled in similar fashion▷ Polynomial Part▷ Computing the polynomial part of the above integral proceeds very similarly to comput ing the polynomial part of an integral in purely transcendental αelds but with the difference that instead of working with polynomials it is necessary to work with Puiseux series expansions▷ A Puiseux series expan sion is a generalization of a Laurent series expansion in which exponents are allowed to be rational num bers instead of just integers▷ There are three cases to consider θ = x, log η, and e^η▷ Log Part▷ This is perhaps the most difαcult part of integrating expressions containing algebraics▷ The com plete theory has yet to be implemented but we do implement the following special cases▷

In the case where r is the square root of a linear polynomial we have ∫ ^ (e x + f) √ ⊣ § + b = −∈ ⌉ √ ⊔ tanh^{−∞}( √ ⊣ § + b √ ⊔ ) = 2 e √ −⊔ tan^{−∞}( √ ⊣ § + b √ −⊔ ) where t = b − ⊣ {/e▷ In the case where r is the square root of a quadratic polynomial we have ∫ ^ √ ⊣ §∈+ b x + c

= L(a, 2 a x + b, 2 √ ⊣ §∈+ b x + c)

1 Indeffnite Integration Q.13

∫ ^ √ ⊣ §∈+ b x + c = −L(c, b x + 2 c x , 2 √ ⊣ §∈+ b x + c x ) ∫ ^ (e x + f) √ ⊣ §∈+ b x + c = − ∞ ⌉ L(α, β, (e x + f) √ ⊣ §∈+ b x + c 2 e ) where α and β and L which is a logarithm are given by α = c e2− ⌊ ⌉ { + a f2 e2 β = 2 c e − ⌊ { + b e x − ∈ ⊣ { § ⌉ § + f L(u, v, w) = 1 √ ⊓ log( v √ ⊓ + w)

In some circumstances, it is possible to write the L(u, v, w) logarithm as an inverse trigonometric function, sinh^{−∞}≀∇ sin^{−∞}↙

∞↙ ̸S√⌉⌋⟩⊣↕ F⊓\⌋⊔⟩≀\∫

T⟨⌉∇⌉ ⟨⊣⊑⌉ ⌊⌉⌉\ ∫≀⇕⌉ ⌉{{≀∇⊔∫ ⊔≀ }⌉\⌉∇⊣↕⟩‡⌉ ⊔⟨⌉ R⟩∫⌋⟨ ⊣↕}≀∇⟩⊔⟨⇕ ⊔≀ ⟨⊣\⌈↕⌉ ∫√⌉⌋⟩⊣↕ {⊓\⌋⊔⟩≀\∫↙ W⌉ ⇕⌉\⊔⟩≀\ ⊔⟨⌉ ⊒≀∇‖ ≀\ ↕≀} ⟩\⊔⌉}∇⊣↕∫⇔ ⌉§√≀\⌉\⊔⟩⊣↕ ⟩\⊔⌉}∇⊣↕∫⇔ ⊣\⌈ ⌉∇∇≀∇ {⊓\⌋⊔⟩≀\∫ ⌊† C⟨⌉∇∇† ⇐∞∃∀∋⇒ ⊣\⌈ C⟨⌉∇∇† ⇐∞∃∀∃⇒ ⟨⌉∇⌉↙ T⟨⌉ }⌉\⌉∇⊣↕ ⟩⌈⌉⊣ ⟩∫ ⊔⟨⊣⊔ ⊣⊔ ⊔⟨⌉ √≀⟩\⊔ ⟩\ ⊔⟨⌉ R⟩∫⌋⟨ ⊣↕}≀∇⟩⊔⟨⇕ ⊒⟨⌉∇⌉ ⊒⌉ ⇕⊓∫⊔ ⌋≀⇕√⊓⊔⌉ ⊔⟨⌉ ↕≀} √⊣∇⊔ ≀{ ⊣\ ⟩\⊔⌉↖ }∇⊣↕⇔ ⊒⌉ ⊣↕↕≀⊒ ⟩\∫⊔⊣\⌋⌉∫ ≀{ ↕⟩, ei, and erf in addition to new logarithms▷ Log Integrals▷ Suppose we are working in a differential αeld F(ϕ, θ) where θ = log η▷ Then if p 0, q0, q1 ∈ F(ϕ), we try to write ∫ √ √θ + q0 dx = y0log(log u + c) + ∑ ]li((ecu)i)

where log u ∈ F(ϕ, θ) and c and y i are constants. We must have

θ^′ + ( √ √ )_′ = ∑ ]∈E ρiη^′_⟩ + ∑ ]∈L ρiη^′_⟩ ηi u = ( ∏ ]∈E (e^{ηi})^{ρi} ∏ ]∈L ηi^{ρi} )_{/ρ}

where ρ i are rationals and ρ = gcd(ρi) The constant c is given by c = 1 ρ ( θ + q0 q1 ) − log u

Now let σ = p0u ρq1u^′ = y0+ ∑ ] ]~]^] ⋁~ ^~~√⌉]{~ [~ []~[~√ √}~√ α of u appearing on the righthand side of this equation as follows▷ If the series expansions of u and σ with respect to ϕ are u = u_β ϕ^β + . . . σ = σ_γϕ^γ + . . . then comparing leading terms of these series expansions gives the equation y_αe^{αc}u_β^αϕ^{αβ} = σ_γ ϕ^γ from which we conclude α = γ β y_α = { σ_γ /(e^{αc}u_β^α) α > 0 σ0 α = 0

Q.14 Indeffnite and Deffnite Integration

At this point, we can subtract y_α e^{α c} u^α from σ and then go on to determine the rest of the y i in a similar manner▷ ↼However in the case β = 0 more complicated tactics must be used.) Exponential Integrals. Suppose we are working in a differential ffeld F(ϕ, θ) where θ = e^η▷ Then if f ∈ F(ϕ) and η both depend on ϕ we try to write ∫ ~ θ dx = ∑ ]~](η + ci) eci + √ π 2 ∑ ]erf(√−η − ⌋⟩) eci where c i and yi are constants. It is assumed that the rational part of this integral, if any, has already been subtracted away, and we are only trying to compute the log part now. Differentiating both sides of this equation and dividing by θ gives f = ∑ ]η′ η + ci − ∑ ]η′ ∈ √ −η − ⌋⟩ F⟩∇∫⊔ ⊒⌉ ⌋≀⇕√⊓⊔⌉ ⊔⟨⌉ √⊣∇⊔ ≀{ ⊔⟨⌉ ⟩\⊔⌉}∇⊣↕ ⊔⟨⊣⊔ }⟩⊑⌉∫ ⌉§√≀\⌉\⊔⟩⊣↕ ⟩\⊔⌉}∇⊣↕∫↙ T⟨⌉\ ⊒⌉ ⌋≀⇕√⊓⊔⌉ ⊔⟨⌉ √⊣∇⊔ ≀{ ⊔⟨⌉ ⟩\⊔⌉}∇⊣↕ ⊔⟨⊣⊔ }⟩⊑⌉∫ ⌉∇∇≀∇ {⊓\⌋⊔⟩≀\∫↙ T⟨⌉ ⊔⊒≀ ∫⊔⌉√∫ {≀∇ ⌋≀⇕√⊓⊔⟩\} ⊔⟨⌉ ⌉§√≀\⌉\⊔⟩⊣↕ ⟩\⊔⌉}∇⊣↕∫ ⊣∇⌉ ⌈⌉∫⌋∇⟩⌊⌉⌈ ⌊⌉↖ ↕≀⊒↙ S⊓√√≀∫⌉ η = p q There can be at most one c i, call it c0, such that p + ciq is independent of ϕ▷ Step 1▷ Case c i ≠ c0. Assume f = u v1v2 where v1= product of factors of v that do not divide q v2= product of factors of v that do divide q If we let r(z) = res(p + z q, v1, ϕ)

R = {⌋ | ∇(c) = 0} ⊔⟨⌉\ ⊒⌉ ⇕⊓∫⊔ ⟨⊣⊑⌉ { = ∑ ^]∈R † ⟩η^′ η + ci + . . . for some constants y i▷ Comparing numerators of fractions on both sides of the equation with denominators p + ciq (which all depend on ϕ and are relatively prime↽ allows us to determine these y i▷ Step 2▷ Case c i = c0. The one ci, which we call c 0, such that p + ciq is independent of ϕ can only occur in one of two mutually exclusive situations▷ Either ↼1↽ p is independent of ϕ and c 0 = 0 or (2) deg(p, ϕ) = deg(q, ϕ) and c0= −lc(p, ϕ)/lc(q, ϕ). In either case, we must have

f = − †′∐^′ ∐ + . . . and we compute y 0by comparing numerators of fractions on both sides of the equation with denominator q▷ Error Functions▷ After the exponential integrals have been calculated for ∫ ~ θ dx where θ = e^η and f, η ∈ F(ϕ), we calculate the error functions. Again, we suppose η = p q We try to write f = ∑ ] (√] √ )_′

⊒⟨⌉∇⌉ ( √] √ ) = η + ci

1 Indeffnite Integration Q.15

Compute s such that s 2= q. Then 2f s(p/q)^′ = ∑ ] √] ⋁~ ⌈~ [ = Den( 2f s(p/q)^′ )

Step 1. Assume just one error function. Then ch = r 1for some c independent of ϕ▷ Since h and q are rela tively prime quantities c and c 1 are uniquely determined from the equation p = c2h2− ⌋∞∐ ⟩{ ⊔⟨⌉† ⌉§⟩∫⊔↙ T⟨⌉\ ∇∞ = ch and y1= f/ (√ √ )_′

I{ ⊔⟨⟩∫ ∫⊔⌉√ {⊣⟩↕∫⇔ ⊔⟨⌉\ ⊒⌉ }≀ ≀\ ⊔≀ S⊔⌉√ ∈↙

S⊔⌉√ ∈↙ A∫∫⊓⇕⌉ ⊔⊒≀ ⌉∇∇≀∇ {⊓\⌋⊔⟩≀\∫↙ T⟨⌉\ ⌋⟨ = r 1r2and p2= c2h2− ((c1+ c2) p + c1c2q) q Since h and q are relatively prime and p and q are relatively prime, c and constants a and b are uniquely determined from the equation p2= c2h2− (ap + bq) q Then c1, c2are roots of the quadratic z 2− ⊣‡ + b. Calculate r1, r2from ri2= p + ciq and y1, y2from c Num( 2f s(p/q)^′ ) = y1r2+ y2r1

1.7 Undeffned Functions

Here we are concerned with how to integrate expressions such as u^′(x) v(x) − ⊓(x) v^′(x)

v(x)2 where u and v are undeffned functions.

Description of the Problem. Suppose we are working in a differential ffeld F(θ, θ i) where θ = u( ⃗g), θi = ui(⃗g), ui = the ith partial derivative of undeffned function u, and the ith component of ⃗g is the αrst component of ⃗g that is not constant▷ Then the derivative θ^′ ⟩∫ }⟩⊑⌉\ ⌊† ⊔⟨⌉ ⌋⟨⊣⟩\ ∇⊓↕⌉ ⊔≀ ⌊⌉ θ^′ = ϕ + σ where ϕ = θi g^′_⟩ σ = ∑ ⌊>i θj g^′_|

A\⌈ ⊒⌉ ⊒⊣\⊔ ⊔≀ ⌋≀⇕√⊓⊔⌉ ⊔⟨⌉ ⟩\⊔⌉}∇⊣↕ ∫ (f0+ f1ϕ) dx

We try to reduce the integration problem in F(θ, θ i) to an integration problem in F(θ) by applying rules which will eliminate the part of the integrand which appears with ϕ▷ Derivatives▷ The method for computing integrals of expressions involving undeαned functions is sug gested by examination of derivatives of expressions involving undeαned functions▷ The derivative of a polynomial p(θ) is given by (p(θ))^′ = �p(θ) + p(θ)ϕ where �p(θ) = p(θ) + p(θ)σ

Q▷16 Indeαnite and Deαnite Integration

p(θ) = ∑ ]√^′_⟩ θi^{−∞} √(θ) = ∑ √^′_⟩ θi And the derivative of a fraction is given by ( √ √⌋ )_′ = �p q − ‖ √�∐ ∐‖^{+1} + p q − ‖ √ ∐ ∐‖^{+1} ϕ Inspection of these results leads to the algorithm below▷ Fraction Part▷ To compute the fraction part of the integral the rule ∫ ∐ √⌋ ϕ dx = b qk^{−∞} + ∫ ( − �⌊ ∐ − (k − ∞) b�q qk + c qk^{−∞} ϕ ) ^ ]√ √~^/ ⋂[~ √}⌈{}⌉]∐⌈√ ^ ∐{^ ^ ∐√~ ~}{^ ^ √}⌈]{~ ∐ = b q − (k − ∞) b q + c q Successive applications of the above rule convert the integral into a new integral that only involves a polynomial part and a log part.

Polynomial Part. To compute the polynomial part of the integral, we begin by observing that ( ~ θk^{+1} k + 1 )_′ = f^′ θk^{+1} k + 1 + f θkθ^′ = ( ~^′ θk^{+1} k + 1 + f θkσ ) + f θkϕ Hence we can use the rule ∫ ~ θkϕ dx = f θk^{+1} k + 1 − ∫ ( ~^′ ‖ + 1

θk^{+1} + f θkσ ) ^ } ^~~√⌉]{~ [~ √}⌈{}⌉]∐⌈ √∐√ }~ [~ ]{~~√∐⌈/ ⨁}~ ∑∐√/ ⋂[~ ⌈}~ √∐√ }~ [~ ]{~~√∐⌈ ]√ ^~~√⌉]{~^ ∐√ ~}⌈⌈}√/ ⋃√√}√~ [∐ ~(θ) = p(θ) q(θ) where p(θ) and q(θ) are polynomials. Then if we let r(z) = res(p(θ) − ‡ ∐(θ), q(θ), θ) we have ∫ √(θ) q(θ) ϕ dx = ∑ √(ci)=0 c i log(gcd(p(θ) − ⌋⟩ �∐(θ), q(θ)))

2 Deffnite Integration

2.1 Contour Integration

Cauchy’s Residue Theorem. If f is analytic except for isolated singularities in a domain D and C is a simple closed curve in D, then ∮ ~(z) dz = 2 π i ∑ Res(f(z), zi)

Residues. At a simple pole z 0we have Res(f(z), z0) = limz_{→‡′} (z − ‡′) f(z)

and at a pole z 0of order n we have

Res(f(z), z0) = 1 (n − ∞)! limz_{→‡′} ∂n^{−∞} ∂zn^{−∞} [(z − ‡′)nf(z)]

2 Deffnite Integration Q.17

If the Laurent series expansion for f(z) about z 0is f(z) = f_{−\} (z − ‡′)n + . . . + f_{−∞} (z − ‡′) + f0+ . . . then Res(f(z), z 0) = f_{−∞}↙ M⌉⊔⟨≀⌈ ∞↙ S⊓√√≀∫⌉ R(x) is a rational function in x. Then we have ∫_∞ −∞ R(x) dx = ∮ √√~√[∐⌈~ √⌈∐{~ ∫(z) dz

= 2 π i ∑ Re(zi)>0

Res(R(z), zi)

the sum being over the set of poles in the upper half plane.

Method 2. Again suppose R(x) is a rational function in x. Then we have a method to calculate deffnite integrals of trigonometric expressions as follows: ∫ _π 0 R(e i^θ) dθ = ∮ |‡|=1 R(z) dz i z = 2 π i ∑ |‡⟩|<1 Res(R(z), zi)

the sum being over the set of poles occuring inside the unit circle.

Method 3. Suppose R(x) is a rational function in x and α > 0▷ Then we have ∫_∞ −∞ R(x) e i^{α x}dx = 2 π i ∑ Re(zi)>0

Res(R(z) ei^{α z}, zi) For α < 0 make the change of variable x → −§↙ M⌉⊔⟨≀⌈ △↙ I{ {(x) is an even function, then ∫_∞ ′ {(x) dx = 1 2 ∫_∞ −∞ {(x) dx and we can try to apply Method 1 to the right-hand side integral.

2.2 Meijer’s G Function

Meijer’s G function is a generalization of the hypergeometric pFq function and is deffned by the Mellin- Barnes type contour integral G(⃗a; ⃗b;⃗c; ⃗d; x) = 1 2 π i ∮ ⨁ ∏ Γ(1 − ⊣⟩ + s) ∏ Γ(ci − ∫) ∏ Γ(bi − ∫) ∏ Γ(1 − ⌈⟩ + s) xsds where L is a contour that embraces the poles of Γ(1 − ⊣ ⟩ + s). Meijer’s G function is useful because it allows us to evaluate a wide class of deffnite integrals involving hypergeometric type functions.

Properties. Some properties of Meijer’s G function: xpG(⃗a; ⃗b;⃗c; ⃗d; α x) = α^{−√} G( ⃗a + p;⃗b + p;⃗c + p;⃗d + p; α x) G(u,⃗a; ⃗b;⃗c; u, ⃗d; x) = G(⃗a; ⃗b;⃗c; ⃗d; x) G(⃗a; u, ⃗b;⃗c; u, ⃗d; x) = G(⃗a; ⃗b;⃗c; ⃗d; x) ∂ ∂x G(u, ⃗a; ⃗b;⃗c; ⃗d; x) = x^{−∞}G(u − ∞, ⃗a; ⃗b;⃗c; ⃗d; x) + (u − ∞) x^{−∞}G(u, ⃗a; ⃗b;⃗c; ⃗d; x) ∂ ∂x G(⃗a; ⃗b; u,⃗c; ⃗d; x) = −§ G(⃗a; ⃗b; u − ∞,⃗c; ⃗d; x) + u x G(⃗a; ⃗b; u,⃗c; ⃗d; x) Examples. A considerable inventory of functions can be written in terms of Meijer’s G function. (1 + x)p= 1 Γ(−√) G(1 + p; ; 0; ; x)

Q.18 Indeffnite and Deffnite Integration

e^{−§} = G(; ; 0; ; x)

log(1 + x) = G(1, 1; ; 1; 0; x)

sin(x) = √ π G(; ; 1 2 ; 0; x2 4 ) cos(x) = √ π G(; ; 0; 1 2 ; x2 4 ) erf(x) = 1 √ π G(1; ; 1 2 ; 0; x2)

J_ν (x) = G(; ; ν 2 ; − ν 2 ; x2 4 ) K_ν (x) = G(; ; ν 2 , − ν 2 ; ; x2 4 ) N_ν (x) = G(; − ν 2 − ∞ ∈ ; − ν 2 , ν 2 ; − ν 2 − ∞ ∈ ; x2 4 ) H_ν (x) = G( ν 2 + 1 2 ; ; ν 2 + 1 2 ; − ν 2 , ν 2 ; x2 4 ) J_μ(x) J_ν (x) = 1 √ π G( 1 2 , 0; ; μ + ν 2 ; ν − μ 2 , μ − ν 2 , −μ − ν 2 ; x2)

K_μ(x) K_ν (x) = 1 2 √ π G(; 0, 1 2 ; μ + ν 2 , ν − μ 2 , μ − ν 2 , −μ − ν 2 ; ; x2)

2F1(a, b; c; −§) =

Γ(c) Γ(a) Γ(b)

G(1 − ⊣, 1 − ⌊; ; 0; 1 − ⌋; x)

pFq(⃗a; ⃗b; −§) = ∏ Γ(bi) ∏ Γ(ai)

G(1 −⃗a; ; 0; 1 − ⃗b; x)

Also, the Heavyside function H(1 − §) = { < x < 1 0 x > 1 can be represented as H(1 − §) = G(; 1; ; 0; x)

Particular Cases of Meijer’s G Function There are also rules for converting out of Meijer’s G notation back into more familiar functions. G(; ; a; b; x) = x^{(a+b)/2} J_{a−⌊}(2 √ §) G(; ; a, b; ; x) = 2 x^{(a+b)/2}K_{a−⌊}(2 √ §) See ErdØelyi, et al. (1954) and Prudnikov, et al. (1990) for more such rules.

Converting Functions into Meijer G Notation. Here is an algorithm to convert MacLaurin series expansions of simple functions into hypergeometric pFqnotation, and from there into Meijer G notation. First, assume we have a series expansion y(x) = ∑ {{ [~√~ [~ √∐]}√ {_{+1}/yn are rational functions in n▷ ↼If this doesnφt happen you will have to use a more so phisticated approach or the task might actually be impossible▷↽ If we can write (n + 1) yn_{+1} y n = c ∏ (n + ai) ∏ (n + bi) for some a i, bi, and c independent of n, then we have y(x) = y0 pFq(⃗a; ⃗b; c x)

= y0 ∏ Γ(bi) ∏ Γ(ai) G(1 −⃗a; ; 0; 1 − ⃗b; −⌋ §)

3 Miscellaneous Integrals Q.19

Example. From the series expansion

sin x = x ∑ (−∞)n (2 n + 1)!

(x2)n

we deduce the following:

(n + 1) yn_{+1} y n = (n + 1) −∞ (2 n + 2) (2 n + 3) = − ∞ △ · ∞ (n + 32) and thus sin x = x0F1(; 3 2 ; − §∈ △ ) = x Γ( 3 2 ) G(; ; 0; − ∞ ∈ ; x2 4 ) = 1 2 √ π x G(; ; 0; − ∞ ∈ ; x2 4 ) = √ π G(; ; 1 2 ; 0; x2 4 ) where in the last step we absorb x/2 into the Meijer G function▷ Deαnite Integrals▷ A deαnite integral of a single G function is a product of Γ functions ∫_∞ ′ G( ⃗a; ⃗b;⃗c; ⃗d; α x) dx = α^{−∞} ∏ Γ(−⊣⟩) ∏ Γ(ci + 1) ∏ Γ(bi + 1) ∏ Γ(−⌈⟩) A deffnite integral of a product of two G functions is itself a G function. ∫_∞ ′ § √ G( ⃗a; ⃗b;⃗c; ⃗d; α x q) dx = 1 q α^{− √} +1q ∏ Γ(−⊣⟩ + 1 − √^{+1}_q ) ∏ Γ(ci + p^{+1}_q ) ∏ Γ(bi + p^{+1}_q ) ∏ Γ(−⌈⟩ + 1 + p^{+1}_q ) ∫_∞ ′ G( ⃗a1;⃗b1;⃗c1;⃗d1; α x) G(⃗a2;⃗b2;⃗c2;⃗d2; β x) dx = α^{−∞}G(− ⃗c1,⃗a2; −⃗d1,⃗b2; −⃗a1,⃗c2; −⃗b1,⃗d2; β α ) ∫_∞ ′ § √ G( ⃗a1;⃗b1;⃗c1;⃗d1; α xq) G(⃗a2;⃗b2;⃗c2;⃗d2; β xq) dx = 1 q α^− √+1q G( −⃗c1+ 1 − √ + 1 q ,⃗a2; −⃗d1+ 1 − √ + 1 q ,⃗b2; − ⃗a1 + 1 − √ + 1 q ,⃗c2; −⃗b1 + 1 − √ + 1 q ,⃗d2; β α )

2.3 Differentiation under the Integral Sign

It is possible to insert logarithms into the integrands of some of our deffnite integration rules by using a technique called differentiation under the integral sign. Here are some such rules:

Rule 1. ∫_∞ ′ {(x) (log x)ndx = ( ∂n ∂zn ∫_∞ ′ § ‡ {(x) dx ) =0 Rule 2. ∫ ∞ ′ {(x) (log(xp+ ap))ndx = ( ∂n ∂zn ∫_∞ ′ (xp+ ap)zf(x) dx ) =0 Rule 3. ∫ ∞ ′ G( ⃗a; ⃗b;⃗c; ⃗d; α x) (log x)ndx = α^{−∞} ( ∂n ∂zn ∏ Γ(−⊣⟩ − ‡) ∏ Γ(ci + z + 1) ∏ Γ(bi + z + 1) ∏ Γ(−⌈⟩ − ‡) ) =0

Q.20 Indeffnite and Deffnite Integration

3 Miscellaneous Integrals

Some miscellaneous integrals can be treated by table lookup. Here are some integrals in that category.

Polylogarithms ∫

log(x) x − ∞ ⌈§ = −Li2(1 − §) ∫ log(x) 1 − § ⌈§ = Li2(1 − §) ∫ log(1 − §) x dx = −Li2(x) ∫ log(a x + b) x dx = log(a x + b) log ( − ⊣ § ⌊ ) + Li2 (∐ ^ + 1 ) ∫ log(x) a x + b dx = 1 a log(x) log( a x b + 1) + 1 a Li2(− ⊣ § ⌊ ) ∫ log(a x + b) c x + d dx = 1 c log(a x + b) log ( ∐ (c x + d) a d − ⌊ ⌋ ) + 1 c Li2 ( ^ (a x + b) b c − ⊣ ⌈ ) ∫ Lin(x) x dx = Lin_{+1}(x)

The Zeta Function. Gradshteyn and Ryzhik (1980) formulas 3.411 (1), (3), and (7) give us the following rules: ∫_∞ ′ § ν−∞ ⌉ μ x − ∞ ⌈§ = μ^{−ν} Γ(ν) ζ(ν) ∫_∞ ′ § ν−∞ ⌉ μ x + 1 dx = μ^{−ν} (1 − ∈∞^{−ν}) Γ(ν) ζ(ν) ∫_∞ ′ § ν −∞ ⌉ −μ x 1 − ⌉^{−β x dx} = β^{−ν} Γ(ν) ζ(ν, μ β )

4 Bibliography

Adamchik, V. S. and Marichev, O. I. (1990), ΨThe Algorithm for Calculating Integrals of Hypergeometric Type Functions and Its Realization in Reduce System,” in ISSAC ’90, Proceedings of the International Symposium on Symbolic and Algebraic Computation, ACM Press, pp. 212-224.

Bronstein, M. (1990a), ΨIntegration of Elementary Functions,” Journal of Symbolic Computation, v. 9, pp. 117- 173.

Bronstein, M. (1990b), ΨSymbolic Integration: Towards Practical Algorithms,” in Computer Algebra and Differential Equations, ed. E. Tournier, Academic Press, pp. 59-85.

Brown, W. S. (1969), ΨRational Exponential Expressions and a Conjecture Concerning π and eε in American Math Monthly v▷ 76 pp▷ 2834▷ Cherry G▷ W▷ ↼1983↽ Algorithms for Integrating Elementary Functions in Terms of Logarithmic Integrals and Er ror Functions Ph▷D▷ thesis University of Delaware▷

4 Bibliography Q▷21

Cherry G▷ W▷ ↼1989↽ ΨAn Analysis of the Rational Exponential Integralε Siam J▷ Comput▷ v▷ 18 n▷ 5 pp▷ 893 905▷ Davenport J▷ H▷ ↼1981↽ ΨOn the Integration of Algebraic Functionsε in LNCS 102 SpringerVerlag New York▷ Davenport J▷ H▷ ↼1983↽ ΨIntegration�What Do We Want from the Theory⋆ε in LNCS 162 pp▷ 211▷ Davenport J▷ H▷ ↼1986↽ ΨThe Risch Differential Equation Problemε in Siam J▷ Comput▷ v▷ 15 n▷ 4 pp▷ 903916▷ Epstein H▷ I▷ and Caviness B▷ F▷ ↼1979↽ ΨA Structure Theorem for the Elementary Functions and Its Appli cation to the Identity Problemε in International Journal of Computer and Information Sciences v▷ 8 n▷ 1 pp▷ 937▷ Erdχelyi A▷ Magnus W▷ Oberhettinger F▷ and Tricomi F▷ G▷ ↼1954↽ Tables of Integral Transforms Volume II McGrawHill▷ Gradshteyn I▷ S▷ and Ryzhik I▷ M▷ ↼1980↽ Table of Integrals Series and Products Academic Press▷ Moses J▷ ↼1971↽ ΨSymbolic Integration. The Stormy Decadeε in CACM V▷ 14 pp▷ 548560▷ Norman A▷ C▷ ↼1982↽ ΨIntegration in Finite Termsε in Computer Algebra Symbolic and Algebraic Computa tion ed▷ B▷ Buchberger et al▷ SpringerVerlag New York pp▷ 5769▷ Norman A▷ C▷ ↼1982↽ ΨComputing in Transcendental Extensionsε in Computer Algebra Symbolic and Alge braic Computation ed▷ B▷ Buchberger et al▷ SpringerVerlag New York pp▷ 169172▷ Prudnikov A▷ P▷ Brychkov Yu▷ A▷ and Marichev O▷ I▷ ↼1990↽ Integrals and Series Volume 3. More Special Functions Gordon and Breach Science Publishers New York▷ Risch R▷ ↼1969↽ ΨThe Problem of Integration in Finite Termsε in Transactions of the American Mathematical Society v▷ 139 pp▷ 167189▷ Rothstein M▷ and Caviness B▷ F▷ ↼1979↽ ΨA Structure Theorem for Exponential and Primitive Functionsε in Siam J▷ Comput▷ v▷ 8 n▷ 3 pp▷ 357367▷ Trager B▷ ↼1984↽ Integration of Algebraic Functions Ph▷D▷ thesis Dept▷ of EECS MIT▷