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Eg: Brusselator in Cellzilla

3[Shapiro et al., Frontiers in Plant Biophysics and Modeling 4:00408, 2013]



Modeling 
Morphogenesis

• Reaction-diffusion models
• A. Turing 1952

• stripes & spots; floral phyllotactic pattern

• H. Meinhardt

• Eg. ANN collective model of GRNs; HCA [BGRS 2006]

• Non-Turing morphogenesis
• Receptor-ligand spatial interactions

• Cell polarity vector, tensor dynamics

• required for floral phyllotactic pattern. Also ...

• Tissue biomechanics: deformation, growth, topological dynamics
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Cellzilla WUS model

(Bruce Shapiro, Caltech BNMC)
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Wuschel model 2013
Declarative, with cell growth & division

6
[Shapiro et al., Frontiers in Plant Biophysics and Modeling 4:00408, 2013]
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Feynman diagrams
for stochastic reactions and/or rules



CPIB Auxin Transport 5/15/08

Resulting hybrid ODE/stochastic 
simulation algorithm
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Root apical meristem (RAM):
Growth model

[Mironova et al., BMC Systems Biology 2010]
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Dynamical Grammar for Root

12

[Mironova et al., BMC Systems Biology 2010]
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Declarative Root growth model
in Plenum

• ...
13
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Modeling language intertranslation:
“Cambium” flexible arrows

• Arrow[type[attributes], LHS, MS, RHS, params]
• Eg:

• Semantics defined by operator or by reduction
• Define & claim your own rule namespace

• DynGram, LSystem, SBML, Cellerator, …
– attributes: stoch/det, reversible, ratelaw, ODE, fire-once, fast[α], composite, … 

• Intertranslation by metarule

• Preliminary Cambium/Plenum and Cambium/Organism 
translators implemented in Mathematica

– http://emj.ics.uci.edu/software/cambium-model-translation-software/
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Variable-binding is emergent from 
Operator Algebra + integration

• Parameterized grammar rule operators:

• So, object parameters need measure spaces

[Annals of Math. and A. I., 47(3-4), January 2007]



Expand on Underlying 
Biophysics

• Gene regulation networks
– (transcription complexes)

• Signal transduction complexes
• Cytoskeleton

16
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GRN ANN Equations
Model statement and its derivation from stat mech: 

 [Mjolsness Sharp and Reinitz, J. Theor. Biol. 152: 429-453, 1991]

 



Drosophila DV [~=Reeves et al.] in Cellzilla 

Expression paWerns
Actual Zen Expression

Kathryn Rodgers, UCI  Computer Science PhD Student
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UCLA Biostatistics 2010

2x2 array of quasi-equilibrium 
cis-regulation models

19

Pure stat mech
(rational polynomial) ANN approximation

Flat (1-level)

CRM structure
(2-level)

Proposition 1 MSR 1991
Proposition 2

HCA 2002/HCA+
Proposition 3 Proposition 4

[Mjolsness J.Bioinformatics & Comp. Biology 5:2(b) 467-490, 2007]
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ES cell switch

CSB 2009

Pan and Thomson Cell Research (2007) 17: 42-49

Chickarmane et al 2009:
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Signals to Genes
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CaMKII example
• Rule-based molecular complex modeling in 

Plenum / Dynamical grammars (excerpt):

[Johnson PhD thesis 2012].  Original model: [Pepke et al. 2010]
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Dependency Diagrams (DD): 
Clustering Example

[Todd Johnson, UCI 
CS PhD thesis, 2012]
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Autogenerated  MCMC  DD:
Clustering Example

[Todd Johnson, UCI 
CS PhD thesis, 2012]



Model Reduction
• MR = commutative diagram + approximation + 

conditions of validity

• eg. from separation of scales in time or space

• stochastic S (or R) ↔ deterministic R (or S)

• ⇒ need both for invariance of framework wrt MR

≈mr?

mr?
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CaMKII example
• Rule-based molecular complex modeling in 

Plenum / Dynamical grammars (excerpt):

[Johnson PhD thesis 2012].  Original model: [Pepke et al. 2010]

[Pepke et al., PLoS Comp Bio, 2010]
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CaMKII Signaling Model: DD

27

[Todd Johnson, UCI 
CS PhD thesis, 2012]
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GCCD: Target and Approximate 
Stochastic Dynamics

• Target stoch. dynamics: Chemical master equation
•                      i.e.

• Approximation: Boltzmann/MRF + parameter ODEs

• Error criterion: KL Divergence

• Name: Graph-Constrained Correlation Dynamics
• “Graph” = assumed MRF structure graph; “Correlations” = 
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GCCD on CaMKII problem

29

[Todd Johnson, UCI 
CS PhD thesis, 2012]
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HiER-Leap scaling with
reaction channels
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HiER-Leap
• Hierarchical version of ER-Leap

– “blocks” of reaction channels
– sparsely connected through shared reactants
– similar to ER-Leap at coarse and fine scales

• multinomial distribution over blocks, and again over reaction channels within each block

– so far, only 2 levels tried out

• Reaction blocks permit better bounds
– don’t assume all reactant numbers have changed as much as possible

• the block propensity changes are then too pessimistic by a factor of |block|
– instead, assume the “worst” reaction in each block happened L times

• => tighter bound on block propensities

• Parallelism is intrinsic - by reaction block
– slightly coarser: allows multithread load balancing within processors
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Extended Objects

• Graphs - already handled above
• Continuua - need something new

32



Implementations: 

Finite Element Methods

A. Cunha, Caltech

Lower dimension
 strata => higher 

resolution



Escalation
Eg. ODE to PDE

• ... Requires a function →, and  limiting process on observables
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Proposed syntax for PDEs
• Syntax:

–                          Boundary conditions: d-1 dimensional child strata

• Method:

• Semantics:

35



Summary: Progress in Computer-
Algebraic Biomodeling Languages

• Spatial biomodeling w. cell division
• Cellzilla: spatial reaction network modeling + cell division

• Plenum: Rule-based hybrid modeling with dynamical spaces via graph 
grammars

• Sci apps: plant dev, Gene Regulation Networks

• Algorithms: ODE/SSA/vbl-binding; HiERLeap, ...

• Dependency Diagrams & GCCD learning: 
• super “graphical models” for ML, optimization => model reduction

• Needed: spatial continuua, geometries & PDEs

• See: http://emj.ics.uci.edu/
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Abstract
• Abstract: 

Collaborative projects have resulted in several Mathematica‐implemented modeling languages aimed at 
general‐purpose biological modeling, which is a useful and topical but indeNinitely expandable goal. We update 
previous work on reaction arrow translation (Cellerator) and on “dynamical grammars” (Plenum). Automatic 
learning of parameters has been developed for (a) stochastic reaction networks and for (b) model reduction of 
such networks for molecular complexes, using “dependency diagrams”. Spatial modeling methods have 
developed in the form of adding some Plenum‐like cell‐level rules to Cellzilla (a Cellerator add‐on package), 
parallelizable exact stochastic simulation algorithms not yet included in computer algebra software, and a 
current theoretical project on deriving partial differential equation methods that can be integrated with 
existing hybrid numerical techniques.

• Joint work with Bruce Shapiro, Todd Johnson, and David Orendorff
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