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Abstract:The Grdbnerwalk is a usefulmethodfor conversion
from a"simple" Grdbnerbasisto a differentonein adesired
termorder.Variousssuesalongtheway includecoefficient
swell (similarto thatseenin theclassicaBuchbergerlgo-
rithm), polynomialswith manyinitial elementsn the"end-
game"phaseandthelike.Wetakeasbenchmarkheimplicitiza-
tion of the 32 bicubic parametrigpatchesn the Newell (Utah)
teapot.Wewill seehowthe Grébnerwalk canbeusedto implic-
itize all of them,usingin somecasesapproximaterithmetic
andanearlyabortstrategywith aresultthatcanbecertifieda
posteriori. Tathe bestof my knowledgethe four spoutpatches
haveneverbeforebeenamenabldo a Grébnerbasisapproach.
We showsomeothernontrivial examplegsrom theimplicitiza—
tion literature.

<
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Introduction

What is the Grobner walk?

It is a method to convert from an "easy" Grébner basis to a desired one that might be more
difficult to compute directly.

What is it used for?

Many things. Among them, implicitization of parametrized curves and surfaces. This is
the application we consider in this talk.
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How does it work?

In brief, one moves between cones in the Grobner fan, beginning with the initial order
and moving along a "line" in weight vector space toward the terminal (desired) term
order. Good references are (Collart et al 1997) and (Amrhein et al 1997).

The term orders are regarded as weight matrices with each vector comprised of
integers. General theory then says they must be square, have full rank, and have the
first nonzero in each column be positive.

One could opt for more generality. We do not.

One starts by computing a Grobner basis with respect to the start order.

Polynomial "initials" are the sum of those monomials in a given polynomial that are
equal with respect to the first weight vector.

Each move is relatively simple because it involves only ideals of initials of polynomials
in the current basis, and these are mostly monomials.

Convert the initials ideal to get into the neighboring cone.
Use this to carry along the full polynomial set ("lifting" step).
(Optionally) interreduce.

If not yet in terminal cone, restart by looking for the next neighboring cone.

< >
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Complexity issues

Therearemanywaysfor this procesgo bogdown. Thepointof thistalk is to discusssome andwaysto makethemless
intolerable Hereareafew items.

The initial basis may be slow to compute.

One typically uses a degree—-reverse-lexicographic term order but of course any valid term order
might be used.

Coefficient swell as we go through cones can be a problem.

We might encounter cone traversals where the initials ideal contains polynomials with
many terms. This more or less defeats the purpose of the Grobner walk. It is
especially common once we are on the boundary of the final cone.

For purposes of variable elimination (needed e.g. for implicitization) it might be
unnecessary and inefficient to compute the full basis with respect to a given
elimination ordering.

Interreduction of intermediate bases is not actually necessary.

If not done, then one encounters "false cones" problem wherein ties in new initials do not
actually get us always to a new cone.

In practice the false cones problem is MUCH worse for efficiency than the slowness of
interreduction. We always interreduce.

< >
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Tactics we use or otherwise discuss

Perturbation of initial weight vector

This is importantbecauséf not donewe aremorelikely to bogdownin intermediateGrdoner
basiscomputationsnvolving initials. ReasonWe may makea conecrossingthatis not through
theinterior of a properface,andin this circumstanceheinitials may havemanymoremonomit

alsthanwould otherwisebethe case Thepointof the Grdbonerwalk is to work with idealsgener
atedby smallinitials.
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Handling of final weight vector

This is important in those (very common) cases where the first weight vector for the final cone
puts us at a border of many cones, by virtue of being not in the interior of that cone. There are
many ways discussed in the literature for dealing with this.

Do nothing and bear the consequences of a slow final conversion.

(Amrhein et al 1997) Heuristic perturbation. One adds decreasing multiples of later weight
vectors to the first one. With probability 1 this puts us in the interior of SOME cone. If it turns
out not to be the correct cone we make the multiples smaller and repeat.

(Amrhein et al 1997) Other methods such as fractal walk.

(Tran 2000) Deterministic perturbation. One computes a term order that is a priori in the
interior of the final cone.

(Fukuda et al 2007) Use a symbolic perturbation.
My synopsis

Heuristic or simulated perturbation are the methods of choice.

Deterministic perturbation can generate weight vectors with HUGE integers, and will hang in
exponent arithmetic, if there are more than 5 or so variables present.

Doing nothing will hang for same reason as Buchberger algorithm.

Other methods are more trouble for less gain than heuristic and simulated perturbation.

< | »
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Elimination order
As we do elimination in the examples herein, we use a destination term order well suited for this.

Weight monomials with elimination variables higher than monomials without them.
Break ties based on degree reverse lexicographic ordering of the entire varaible set.

This term order is discussed in (Cox et al 2007).



ACA2007_GroebnerWalk.nb |9

Initial order

It is helpful to use a "sensible" initial ordering.

Could use degree reverse lexicographic.

We do this, and pay a cost in the need to compute an initial basis with respect to this term
order.

If we begin with a rational parametrization, could use an initial order such that input, with
denominators cleared, is already a Grobner basis. This would have a weight matrix with initial
vector (0,...,0,1,1,...,1).

In practice such orders can sometimes cause huge inefficiency in the walk process. We will
not use them.
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Early abort for elimination orders

In implicitization and other elimination tasks we can check at intermediate stages of the walk to
see if a basis happens to be an elimination basis for the polynomials.

This is definedasa basisG for theideall suchthat,if the noneliminatedrariablesetis Y andthefield is K,
then K[Y] () G generatetheeliminationideal K[Y] I .

If so,we may oftenuseit justaswe would the basiswe weretrying for. We simply takethosepolynomialsin
the basisthatarefree of the variableswve wereeliminating(seenextsubsectiorior why this works).For many
purposese.g.surfacemplicitization, thisis a singlepolynomial.

This applieseventhoughtheintermediatesrébnerbasisis NOT a Grdbnerbasiswith respecto the provided
terminationordering.Henceit is a bonafide "shortcut”.

Early version of this called "sudden death" (Amrhein et al 1997).
Recent version called "ideal-specific elimination order” (Tran 2004).

Me, I've always viewed it as "opportunistic intermediate processing".

< >
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Algorithmic underpinnings of this early abort strategy

The conditionis simpleto checkalgorithmicallydueto a basicresult.

Proposition (Tran 2004): A Grobner basis G for an ideal | is an elimination basis for a set of
variables X if, for each polynomial g € G, either the head term of g contains variables in X, or
else g is entirely free of variables in X.

Proof: As above, denote the complementary variable set as Y and the field as K. We refer to

polynomials in K[Y]( G as Gy. Take f e K[Y ][ |. Without loss of generality assume f is
reduced with respect to Gy and the given term order. If f + 0 then, since G is a Grobner basis
with respect to that term order, f can be further reduced by some g € G — Gy. But the head term

condition shows no such g can reduce f, sof =0. Sof € Gy. Hence Gy generates K[Y ] (1.0

<« | »
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Approximate arithmetic

In some cases we will use finite precision to "guess” a result. This allows us to avoid
intermediate coefficient swell. The result can be verified after the fact. We show this in some
examples below.

< >
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ListPlot::lpn: datalist8k[5] is not a Iist of nunbers or pairs of nunbers. >

< | »
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Example 5 (Tran 2004)

Herewe havea rationalparametrizationvhereinthe fourth polynomialis the commondenominator\We will
implicitize via anold methodfrom (Kalkbrenner1990).

rational 6 = {-168 %t -336%xS %t +378%S"2%t +36 %t "2 -1728%sS %t "2 +1719%s"2%t "2+
32%t "3 +2064 xS xt "3 -2072%xs"2%t "3, -100+25%s"2-600%S*xt +600%S"2 %t +
132 %t "2 -144 %S %t "2 +111 %52 %t "2 -32%xt "3 +744 xS %t "3 -736%*S" 2%t "3,
6-6%S+S7"2+18%Sxt -18xS"2xt +36%S*xt"2-36%xS"2xt"2-54xSxt "3 +54%S"2xt "3,
1+6%xS*t —6xS"2%xt +12%S*t"2-12%S"2%t"2-18%xS*xt "3 +18xs"2xt "3};

denom= Last [rational 6];

pol ys6 = Joi n[vars - Most [rati onal 6] xdreci p, {denomxdrecip-1}]

[~drecip (-168t -336st +3785%t +36t2-17285t2+ 17195212+ 3213+ 20645 t° -207252t3) +x,
~drecip (-100+255%-600st +6005%t +132t2 - 1445t2 +1115%t2-32t%+ 7445t% - 7365%t3) -
y, -drecip (6-6s+s®+18st -18s?t +36st?-36s?t?2-54st3+5452t%) 12,
~l+drecip (1+6st -6s?t +12st?-12s2t?-18st3+18s%t3)}
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Results

Example 1

Timng[
gbHof f mann = Gr oebner Basi s [Hof f mannPol ys, vars, elins, Monom al Order - El i mi nati onOr der,
Sort - True, Method -» {"GroebnerVal k", "Earl yEl'i m nate" -» True}]; ]

{21.6854, Null}

The earlyeliminationcheckis vital for thisexamplewithoutit thecomputatiortakesaround500seconds.

< | »
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Example 2, modulo a reasonably large prime

We candothis.

Ti mi ng[gbnod = G oebner Basi s[TranPol ys, vars, elins, Sort -> True,
Monomi al Order - Eli mi nati onOrder, Modul us » Prine[1000001], Method -» " G oebner Val k" ]; ]

(581. 84, Null}

But the earlyeliminationcheckhelpstremendouslyor thisexample.

Ti m ng[gbnod =
G oebner Basi s[TranPol ys, vars, elinms, Sort -> True, Monom al Order - El i mi nati onOr der,
Modul us - Pri ne[1000001], Met hod -» {"GroebnerWal k", "Earl yEl i mi nate" -» True}]; ]

{157. 078, Nul | }

Of note:theinputis alreadya Grdoner basiswith respecto the monomialordergiven (with variableorder
s>t > x> y> 2) by theweightmatrix below.

{{0, O, 1, 1, 1}, {1, 1, O, O, O3},
{0, o, o, 0, -1}, (0, 0, O, -1, 0O}, {O, -1, O, O, 0O}}}

If we usethisasinitial orderfor the Grdonerwalk thenit insteadtakeslongerthanl waswilling to wait. Sowe
do notusethisorder.
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Example 2 in characteristic zero

How longto dothisin characteristizero?

Ti m ng[gb = G oebner Basi s[TranPol ys, vars, elinms, Sort -> True,
Monomi al Order -» El i mi nati onOrder, Met hod » (" G oebnerWal k", "Ear|l yEl i m nate" - True}]; ]

(17656.9, Null }

Ouch.Thegremlinin themachineryis the coefficientswell. We will now seehowto keepthisatbay.

<« | »
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Example 2 approximated, then rationalized

We canobtainaresultin reasonabléime usingapproximationthenrationalizationthenverification.For this
particularexamplethetotal time, includingverification,is around12 minutes We startby computinga numeri-
cal Grdbnerbasisto high precision.

Ti m ng[gbappr ox = G oebner Basi s[TranPol ys, vars, elins,
Monomi al Order - El i mi nati onOrder, CoefficientDonain- | nexact Nunbers[600],
Met hod -» {" GroebnerWal k", "Ear| yEl i mi nate" -» True}]; ]

{383.9, Null}

implicit =Rationalize[gbapprox[[1]]];
Precision[inplicit]

Intinity

rul es = First [Sol ve[Tranpol ys ==0, vars]];
Ti m ng[Expand[inplicit /. rules] =0]

{340. 485, True}

See(Shirayanagil996),(Lichtblau2000)for discussiomegardingcomputatiorof numericalGrdonerbases.

<« | »
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Another possibility for example 2

Use a prime modulus, then Hensel lift or else use skeleton of result to solve a linear system.
| triedthelatterandgotahugesparsesystem wasunableto solvewithoutblowing up memory.

Might do betterwhenl getsomesparsdinearalgebrafor matriceswith arbitrarysizeintegers.

< | »
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Example 3, modulo a reasonably large prime

We will attempttheimplicitizationof all patchesusinga modulusto keepcoefficientswell from occurring.

21

Tabl e[Ti m ng[i nplicitnod[j ] = G oebnerBasi s[patches3D[[j]], vars, elins,
Monomi al Order - El i mi nati onOrder, Modul us -» Prine[1000001], Met hod -»
{" G oebnerVal k", "Earl yEl i mi nate" -» True}1; 1[[11]1, {j., 1, Length[patches3D]}]

{0. 032002, 0.032002, 0. 028002, 0. 032002, 0. 088006, 0.052003, 0. 052003,

0. 048003, 0.076005, 0.108007, 0.136008, 0.144009, 4.63229, 6.90443, 11.6047,

11. 5567, 147.553, 169. 359, 503. 495, 548. 386, 3.43621, 3.49622, 3.48822, 3.49622,
0.188011, 0.188012, 0.188012, 0.192012, 0.176011, 0.176011, 0.176011, 0.176011}

We do themall, manyin "realtime". We will showtimingsfor the nonmodularcasefor all but the four spout

parametrizationfpatches 7-20),wherewe will resortto differentmethodgo gettheimplicitizations.

< | »
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Example 3 in characteristic zero

Tabl e[Tim ng[inplicit[j] =
Groebner Basi s[pat ches3D[[j 1], vars, elins, Monom al Order -» El i mi nati onOr der,
Met hod » {" G oebner WAl k", "Earl yEl i mi nate" - True}]; 1[[1]1], {j, 1, 16}]

{0. 044002, 0.032002, 0.032002, 0. 032002, 0.108007, 0.112007, 0. 116007, 0. 116007,
0.192012, 0.184012, 0.184011, 0.196013, 8.23251, 9.39659, 17.3571, 17.7891}}

Tabl e[Tim ng[inmplicit[j] =
Groebner Basi s[pat ches3D[[j 1], vars, elins, Monom al Order -» El i mi nati onOrder, Method »
{"GoebnerVal k", "Earl yEl i m nate" -» True}]; 1[[111, {j, 21, Length[patches3D]}]

{5.67636, 5.73236, 5.78836, 5. 77636, 0.220014, 0.224014,
0. 224014, 0.216014, 0.196012, 0.224014, 0.216013, 0.204013}

It is interestingto note that without doing a perturbationof the initial weight vector,severalof thesetake
substantiallyjonger(morethana factor of 10). They seemto getcaughtin largeintermediateGrdonerbasis
computationdecauseédealinitials arenotalwayssmall.
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Plots of a few patches may give some idea of why the implicitization difficulty varies so widely.

patchl

patchll

patchl9
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One might expectfrom comparingthe modularandcharacteristizerotimings thatthe remainingfour cases
could be handledn reasonabléime (anhoureach,say).This turnsout notto be the case atleastwith option
settingd havetried. We insteadresortto numericalcomputationgollowed by rationalization.

Ti m ng[inmplicitl7approx = G- oebnerBasi s[patches3D[[17]], vars, elins,
Monomi al Order - Eli mi nati onOrder, Coefficient Domai n- | nexact Nunbers[700],
Met hod » {" G oebner WAl k", "Earl| yEl i mi nate" -» True}]; ]

{445,356, Null}

We rationalize cleardenominatorgnot necessaryhut nice to haveresultwith integercoefficients) plugin
original relationsandcheckthatit expandgo zero.

inplicitl7attenpt = Rationalize[inplicitl7approx];
imp2 = Apply[List, inplicitl7attenpt [[1]]1];
imp2=inmp2/. {x-1, y»1, z-1},

den = Denoni nat or [i np2];

den = Appl y[LCM den];

inmplicitl7 = Expand[denxinplicitl7attenpt [[1]1]1];
rul esl7 = First [Sol ve[pat ches3D[[17]] == 0, vars]];
Ti mi ng[Expand[i mplicitl7 /. rul esl7] == 0]

{280. 038, True}
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Example 3 cont'd

We just showtimingsfor computingthe remainingthreepatchimplicitizationsto 700digits. Thatturnsout to
sufficefor rationalizingandrecoveringhe correctexactpolynomials.

Ti m ng[inplicitl8approx = G oebnerBasi s[pat ches3D[[18]], vars, elins,
Monom al Order -» Eli mi nati onOrder, Coefficient Domai n- | nexact Nunmbers[700],
Met hod -» {" G oebnerWal k", "Earl yEl i mi nate" -» True}]; ]

{465. 629, Null}

Ti m ng[inplicitl9approx = G- oebnerBasi s[pat ches3D[[19]], vars, elins,
Monomi al Order - Eli mi nati onOrder, Coefficient Domai n- | nexact Nunbers[700],
Met hod -» {" G oebner WAl k", "Earl| yEl i mi nate" -» True}]; ]

{1216.11, Null}

Ti m ng[i nmplicit20approx = G oebner Basi s[pat ches3D[[20]], vars, elins,
Monomi al Order - El i mi nati onOrder, Coefficient Domai n- | nexact Nunbers[700],
Met hod » {" G oebner WAl k", "Earl| yEl i mi nate" -» True}]; ]

{1291.09, Null}
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Example 4

This nextexamplerequiresuseof a perturbatiorof thetargetweightvector.Moreoverana priori computation
ala (Tran2000)is out of the questionbecausehe numberof variableswould causethe exponentectorsto
havetoo manydigits to allow the arithmeticto be feasible We usethe methodof (Amrheimet al) thoughthe
simulatedperturbatiorof (Fukudaet al) would alsowork here.

Tim ng[inplicitpoly=
Fact or [Fi rst [Gr oebner Basi s[pol ys, mai nvars, elinvars, Sort -» True, Monom al O der -»
El i mi nati onOrder, Method -> {" GroebnerWal k", "Earl yElim nate" -» True}]111]

{125. 79586199999999,
(-5%*X +5%X"2+5+X"3-5+X"4 +X"5-y) *x (5+5+«X-20+X"3 +16*xX"5+4xy) «
(5400 + 11700 »x - 8675 «x"2 -37800xx"3 -20600«x"4 + 14880 x x5 +
13680 xx"6 - 1920 x x"7 - 3200 x X" 8 + 256 » x* 10 - 1980 xy - 6230 X xy -
7280 «X"2+y -3800 «x"3xy -800*X" "4 xy -32+«xX"5xy +y"2)}

Note thattheresultfactorsnontrivially, thatis, it is not prime.Soit couldnot betheimplicitizationof arational
parametrization.

"The envelope, please."”

(I alwayswantedto saythat).
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Example 5

Ti m ng[gbrat6 =
G oebner Basi s[pol ys6, vars, Prepend[elins, dreci p], Monom al Order -» El i mi nati onOr der,
Sort - True, Method » {"G oebner WAl k", "Earl yEl i m nate" -» True}]; ]

(64.244, Null}

By usingapproximatearithmeticof 300 digits one canobtainthe sameresultin about24 secondsNot quite
"realtime” butgettingreasonablylose...



ACA2007_GroebnerWalk.nb | 29

Summary

What we can do
Implicitization of "difficult" polynomial, rational, and algebraic parametrizations from the literature.

Many other elimination and related problems are also amenable to effective handling via
Grobner walk computations.

<« | »
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Necessary tactics

Perturbation of initial weight vector.

Otherthanwhenreachingooundaryof final cone thiswill helpto avoid"largeinitials" problem.

Always interreduce intermediate bases.
Failureto do sowill causenugeblowupdueto "falsecones'problem.

It will probablyalsocausecropfailures.At least,it hasnotbeenprovenotherwise.

When indicated, perturbation of final weight vector. Viable possibilities are
Heuristic

Simulated

Early finish when we discover we have attained an elimination ideal

Rarelyhurts,neverby much,andsometimeselpssubstantially.

Within variable classes (elimination, not elimination), sort using some sensible heuristic

Usuallyimprovesoninputorderunlessyou know a"good" variableorderinga priori.

In some cases we must use approximate arithmetic, then rationalize to recover the correct exact
result

For somepurposesnapproximateesult,particularlyoneto high precisionmightsuffice.
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Open bottlenecks

Computation of the initial basis can be costly.
Forimplicitizationonecanuseinitial ordersthatmaketheinput,in effect,abasisalready.
Thisis nottruefor nonrationaparametrizations.

It generallydoesnothelp,andin somecasesnakesheoverallwalk muchslower.

ProvisionalconclusionUsedegreeaeversdexicographicasinitial orderingunlessthereis a compellingreasor
notto doso.

Interreduction of intermediate bases is generally the most time consuming step.

Perearlierremarksijt is at presenunavoidable.

"Lifting" from initials basis to full basis seems to be second most costly.

Methodof (Fukudaetal 2007)mightimproveon pedestriamethodfrom earlierliterature?
The sheer number of cones, large polynomials that complicate the lifting and/or interreduction
step, and coefficient swell still pose serious bottlenecks in some problems.

But, asexamplesboveindicate we areshowingprogresaisingthe Grdonerwalk for implicitizationandother
computations.
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