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Abstract

GivenasetA = {ay, ..., a,} of positiveintegerswith gc
"sufficiently large"integerscanberepresentedsanon
elementf A. The Frobeniuswumberof the setis defin
representablelhe Frobeniuanstanceproblem(alsoca
stampproblem)is to determinegivena positiveintege
X =1{Xq, ..., Xa} suchthatX.A = n, or elseshowno suc
how this canbe addressedia toric Groonerbases.

It is knownthatthe Frobeniusnumbermproblemis NP-h
s trivial (Sylvestersolvedin two decadedeforeFrobe
dimension3 avery efficient methodwasfoundindepel
For higherdimensionsomequite effectivemethodsart
elementof A is nottoo large(say,lessthan10’).

Recentwork hasgivenriseto methodghatareeffectivi
hold, althoughthe dimensionrmustbe boundedoy 10 ol
to recasthis work usingtoric Grdbnerbaseswhereintl
setA is givenby the staircasef the basiswith respect
reasonablefficientin dimensiongl to 7, whentheeler
or so.Wewill illustratethis.




Introduction: Background and brief history

We aregiven asetA = {qy, ..., ay} of positiveinteger:
later purposeshatthesetis in ascendingprder.

Probleml (Frobeniugnstanceproblem):Givenanonn
nonnegativentegersX = {Xy, ..., Xy} suchthatX.A=n

Problem2 (Frobeniusnumbemroblem):Findthelarge
nonnegativentegercombinationof A.

In the80’sand90’s Greenberg@ndDavisonindepends
problem2 whenn = 3. Beyondthis sizeno specializec
methodsareknown,andwe mustresortto generakacti

Reasonableffectivemethodasedmnostlyon graphth
30 yearsor so.Somevery nicenewonesarepresentec
very recentwork by Beihoffer,Hendry,Nijenhuis,and'
third authorhelpedoriginatethe graphtheoryapproaclt
sizeof a;, butnotby n.




Introduction: Background and brief history

This restrictionapparentlyrankledthe fourth author,wt
usingdifferenttactics.Forthcomingoint work by Davi
Wagon,andmyselfwill showhow onecanattackthis
methodsandintegerprogrammingWhile we cando av
we do getinto somealgorithmiccomplexitydueto dim
beyondn = 11 or so. Someof thetechnologywe useis
wherewe canmanageéehigherdimension(25 or larger).

It sohappenghatmuchof thiscanberecastin a setting
1, which bolilsto integerlinearprogramminghaslong
anapproach{asperwork by ContiandTraverso)thisis
finding FrobeniusnumbersWe canexploitit to handle
knowledge couldnot be doneby methodknown asof
soonseeis thatthe neededcodeis quite short(threepau

We will definea"fundamentatlomain"whichis agen
bothlatticediagraman earlierliteratureanda graphde
Frobeniusmumbemwill bethefurthestcornerfrom theo
norm.As we will seeanimportantdomainfeatureis w
to find thosevia a Grdbnerbasis'staircase'tonstitutes




Solving a Frobenius instance via toric Grok

Saywe aregiventhesetandvalue

A= {200, 230, 528, 863, 905, 1355, 17
b=7777:

We wishto know whetheror how we canwrite b asan
elementof A. We maydo this asfollows. Createa vari
powersin this set.Createa variablefor eachsetelemer
Grobnerbasisin thesevariablesusinganorderthatma
monomialsthatdo not containit. Forthis we useawei
way asto beefficientfor thetaskat hand.Basicallyit is
with degreereverselexicographioontheremainingve
(homogenious)otal degreewve weightby thevaluesin .




Solving a Frobenius instance via toric Grok

| en = Lengt h[A];

vars = Array[x, | en];

polys =vars -t " A

wt mat = Rot at eRi ght [Reverse[-ldent i
W nmat [[2]] *»= -1,

wtmat [[1]] = Prepend[A, 0];

wmat [[{1, 2}]] =wnat [[{2, 1}]];
Wt mat

({1, 0, 0, 0, 0, 0, 0, 0, 0, 0},
(0. 200, 230, 528, 863, 905, 1355, 1
(0, 0,0 0 0 000, 0 -11,
(0, 0.0 0, 0 0 0 0, -1, 0},
{0, 0,0 0, 0, 0, 0, -1, 0, 0},
{0, 0,0 0, 0, 0, -1, 0, 0, 0},
{0, 0,0 0, 0, -1, 0, 0, 0, 0},
{0, 0,0 0, -1, 0, 0, 0, 0, 0},
{0, 0,0 -1, 0, 0, 0, 0, 0, 0},
{0, 0, -1, 0, 0, 0, 0, 0, 0, 0}}




Solving a Frobenius instance via toric Grok

Timng][
gb = Groebner Basi s[pol ys, Prepend[v
Monom al Order » wt mat 1; ]

{9.8775 Second, Null }
Lengt h[gb]
264

To checkwhethemnwe canrepresenb asanonnegative
reduce(usingthe sametermordering)t® by this Grdbne

red = Pol ynom al Reduce [t *7777, gb, F
Monom al Order > wmat 1[[2]]

X[2]*x[3] x[5] x[9]°

| o] s ] |

Solving a Frobenius instance via toric Grok

Now replacevariablesby their valuesandgetcorrespc



fax = Drop[FactorList [red], 1]
exponvec =fax /. X[] 1 =»A[[] 1]

{{x[2], 4}, {xX[3], 1}, {X[5], 1}, {X]
({230, 4}, {528, 1}, {905, 1}, {1808,
We checkthis. We wantto seethat4 « 230+ 1%« 528+ 1

Tot al [Appl y[TI nes, exponvec, 2]]
1777

Remark:Theabovelllustratesmoreor lesstheoriginal
toric GrébnerbasesSubseguenmprovementfhaveag
donemuchmoreefficiently now. This concludesur br
a Frobeniuanstanceproblemusingthe methodof Cont
maintaskat hand,whichis computatiorof Frobeniusm




The Fundamental Domain

We definea lattice by the setof integercombinationf
a;. Thisis afull dimensionalatticein Z"*. Thesetof
lattice givesriseto whatwe call thefundamentatioma
spaceof dimensiononelessthanthesizeof ourset.lt is
distinctresidueclassessowe know the cardinalityof tr
"weight" of avectorv e Z"! asv.{ay, ..., ay}. It canbe
at leastoneelementwith all nonnegativeentries Amon
weight.In caseof tie, choosdaheonethatis lexicograp
the setof residueghatwe taketo comprisethe fundam

I | 4 | 4 | M |

The Fundamental Domain

This domaincanbe shownto haveseverainterestingo

e It is astaircaself it containsalatticeelementhenit c
with anycoordinatestrictly smaller.

It tilesz" 1.

e ItisacyclicgroupZ/a, Z.

e It canbegivenacirculantgraphstructurelt is this str
shortestpathgraphmethodsOld andnewmethoddor
recentwork by Beihofferetal.



For our purposeshe propertyof mostinterestis thefirs
by computingatoric Grdbnerbasis.

| o] ] ]

Definitions related to the Fundamental Domnr

Fromthestaircaseropertythe fundamentatiomain he
elbows.It hasextremalpointscalledcorners.Specifica
domain,suchthatc + g; is notin thedomain,wheree; |
elbowis a pointx thatis notin thedomain,butis sucht
X — € IS In thedomain.

Therearetwo otherdefinitionsthatplay arole in theals
too carefullybut, roughly,thereareasfollows.

(i) ProtoelbowsThesehavebothpositiveandnegative
certain"minimal” equivalencesthatis, reducingrelatic
terms,thesearegivenasexponentvectorsof binomialy
(i) PreelbowsThesearethe"positive parts"of the prof
elementsn the partially orderedlascendindy inclusio




Fundamental Domain, illustrated

Sincethisregionis onedimensionsmallerthantheinpt
a;), it canbeillustratedfor thecases =3 andn=4. T
Wagon.

With respecto thesedomainsthe Frobeniusnumberc
from theorigin, with distanceanl; metricweightedby
diagramthe"elbows"arethelattice pointson the axest
lattice pointin theinteriorjust outsidethe"ell". Thecol
reachedy intersectingverticalandhorizontallinesthre
the entirestoryasregarddhen = 3 casepecauset car
Interior elbowandtwo suchcornersandfinding themi




Fundamental Domain, illustrated

In thethreedimensionatliagramthe elbowsareagaint|
aswell asboundingpointswherethe staircaseoesupi
Interior. Theyaredemarcatedby yellow tetrahedraT he
blue boxis the maximalcorner.

A




The Algorithm, in brief

The gistof our efficientalgorithmis to useintegerlines
containingelbows,thenusea methodDavid andStand
cornersWe finish whenwe havethefurthestcorner.W
elbows)ariseevenatn = 4, theaveragecaseperformai
nice. Someof thelLP ideasappealn work by Aardal, |
subsequentefinementoy AardalandLenstral alsoha
AHL which | usedto find largeexamplef whatareki

Gettingbackto Frobeniuswnumbersit turnsoutthatone
find whatarecalled"protoelbows" . Thesearelattice po
onesubsetqualpositivecombination®f anotherFror
elbows,andwe usea dominationalgorithmof Bentley,
"kernel" setwhich comprisetheactualelbows.Thehar
comingup with the protoelbowsThis canbedonewith

As with instancesolving,theideais againto setup rela
polynomialsfor atoric ideal) of theform x; — t%, ande
atall...




Finding "elbow" relations

...Forbetterefficiencywe now useanimprovementdu
computatiorof the eliminationideal. Insteadof x; — t
xj® —x;® wheree;* ande;~ arethepositiveandneg
generatoffor the null spaceof A. We canuseanybasis
thatis latticereducedsoasto keepdowntheexponent
u-[]x; thatin effectallowsusto invert negativeexpc
thateliminateghe newvariableu.

Fromthis basiswe nextwantto find a newonethatwill
provisionof thedefinition. As our latticeis now repres
ideal,thisamountgo aninverselexicographicatermol
well-foundedorderingfor monomialsdbecausd hascc
productg(it is anorderingappropriatdor alocalring). |
homogenizingmakingthe homogenizewariablelarge:
termorder.As we wantaninverselexicographicorden
reverselexicographicSowe now computea new Grok
andthendehomogenizeNotethatthis secondiasiscor
thefirst, hencenot problematian regardto efficiency.




Finding "elbow" relations

Sincelt is theexponentvectorswe areafter,we extract
lattice elementdy subtractingsecondermpowersfron
butit is justthe usualtranslatiorfrom toric idealto latti
areonly interestedn equalitiesmoduloa,, we strip off
To satisfyatechnicalconsideratiorior protoelbowqse
negatethelatticevector.Taking positivepartsof there:
preelbows.

It is iImportantto notethatwe areusingthe Grdonerba:
the instancesolvingusagewe do notwork geometrice

RN

Code to find elbows

preEl bows[vals_] : =

Modul e[{n = Lengt h[val s], vars, X, t, nspace, pos, neg, p
nspace =i nt eger Nul | Space[val s];
vars = Array [x, nJ;
pos = (nspace + Abs [nspace]) / 2;
neg = -nspace + pos;
pol ys = Map [l nner [Power, vars, #, Tinmes] & pos] -Map[li
pol ys = Joi n[polys, {Apply[Tines, vars] *y} -117;
pol ys = G oebner Basi s* Tori cG oebner Basi s[pol ys, vars,
pol ys = honogeni ze[pol ys, vars, h];
pol ys = G oebner Basi s[pol ys, Reverse[Append[vars, h]],

Monom al Or der -» Degr eeRever seLexi cographic] /. h-1

exponvecs = Fi rst [G oebner Basi s* Di stri butedTer nsLi st [
exponvecs = Map[First [-#[[1]1] +#[[2]]] & exponvecs];
exponvecs = Map[orient [#, val s] & exponvecs];
exponvecs = Map[Rest, exponvecs]; (xprotoel bowsx)Uni on



el bows [val s ] : = Sort [dom nati onKernel [preEl bows [val s]]

| o] s ] |

More code: utility functions

i nteger Nul | Space[vec: {_Integer ..}]:=Mdule[{mat, hnf}, mat = Transpose[Joi n[{vec}, |
hnf = Last [Devel oper‘ Herm t eNor mal For m[nat ]7;
Latti ceReduce[Map[Drop[#, 1] & Drop[hnf, 11111

honogeni ze[poly_, vars_, new_] /; (Head[poly] =!=Plus & Head[poly] =!=List) : =poly
honogeni ze[pol ys_Li st, vars_, v_]:=Map[honogeni ze[#, vars, v] & polys]
honogeni ze[poly_, vars_, new_] : = Modul e[ {degfunc, totdeg, j}, degfunc = Apply[Plus, Map|
degfunc = Di stri but e[degfunc, Function, Plus];
t ot deg = Max [Map [degf unc, Appl y[List, polyl]];
Apply [Plus, Tabl e[pol y[[j 1] »new” (totdeg-degfuncpoly[[j11]), {i, Length[poly]}11]

orient [vec_, basevec_]:=Mdul e[{val = Rest [vec]. Rest [basevec], j =1},
Wi ch[val >0, vec, val <0, -vec, True, Wiile[vec[[j]] ===0, j ++]; -Sign[vec[[j]]]*ve

domi nationKernel [X_]:=

Modul e [{Y = X[ [Ordering[Map[Tr, X1111, Z, i =2, len=1, k}, Z=Table[{}, {Length[Y]}];
Z[[1]11=Y[I[1]]; _

Whilel[i <Length[Y]&&Tr [Y[[i]1]1=Tr[Y[[1]]1], |en++;

Z[[len]] =Y[[I ]11; T ++];

Do [k = 1;

V\hlle[k<len,

I f [Andee Thread[Z[[k]] <Y[[j 111, k=1len+2; Break[], k++]1;

If[k=len+1, len++; Z[[len]] =Y[[j11], {j, len+1, Length[Y]}];
Sort[Take[Z, len]]]

Cl ear NegsAndDel et eZer oVect or [vecs_] : = | f [vecs == {}, {}, Union[Del et eCases[vecs /. _?Nei

| o] s ] |

Rest of code: corners

The methodbelowfor usingelbowsto find the"Frober
Einstein,with refinementsandcodeprovidedby Stan\!



farthest [corns_, A ]:=Fold[If [#2. Rest [A] >#1[[2]], {#2, #2. Rest [A]}, #1] & {Tabl e[O,
Opti ons[Farthest Corner] = {TopLevel TraceQ- Fal se, TraceStep -» 1};

Fart hest Corner [A_, el bows_?MatrixQ opts___ Rule]:=Mdule[{pts, pl, p2, B, cc, trQ far
{tIQ ts} = {TopLevel TraceQ TraceStep} /. {opts} /. Options[Farthest Corner];
ski pct = counter =0;
currfar =farthest [el bows, A]. Rest [A];
pts = Sel ect [el bows, #[[1]] >0 &];
Scan[ (count er ++;
{pl, p2} = {First [#], Rest [#]};
B = Rest /@ Sel ect [el bows, #[[1]1] < pl &];
B = dom nati onKer nel [Cl ear NegsAndDel et eZer oVect or [# - p2 & /@B]1;
maxes = Prepend[Max /@ Transpose[B], 01;
If[tl Q&& Mdd[counter, ts] =0, Print [{counter, Length[pts], "Length of sent set
If[(maxes +#).Al >currfar, cc = Fart hest Corner Sub[A, B, currfar, #, opts];
farvertex =farthest [Prepend[# +p2, pl] &/ecc, AJ;
currfar = Max[currfar, farvertex. Al], skipct ++;
I f [t] Q&& Mdd[counter, ts] ==0, Print [{counter, Length[pts], "got a cutoff, tote
currfar -Total [A]l] /; Length[el bows[[1]1]] > 2;

Fart hest Corner [A_, el bows_?MatrixQ opts__ Rule]:=farthest [Farthest Corner Sub[A, el bo

Far t hest Corner Sub[A , el bows_, currfar_, backdata_, opts__ ]:=
Modul e[ {pl, p2, B, naxes},
Flatten[
Map [

({P1, p2} = {#[[1]1], Rest [#]1};
B = Rest /@ Sel ect [el bows, First [#] <pl&];
B = domni nat i onKer nel [Cl ear NegsAndDel et eZer oVect or [# - p2 & /@B]1;
I f[B=={}, {}, maxes = Prepend[Max /@ Transpose[B], 0];

| f [ (PadLeft [maxes +#, Lengt h[A] -1] + backdata). Rest [A] >currfar,
(Prepend[# + p2, pl] &/@Farthest Corner Sub[A, B, currfar, PadLeft [#, Lengt h[A]
Sel ect [el bows, First [#] >0&]]1, 111 /; Length[el bows[[1]]] > 2;

Fart hest CornerSub[_, elbows , _ ]:= (Partition[Take[Fl atten[Reverse /@ Reverse[el bows

I« | < | 4 | M |

Examples

We showseveralkexampledo getsomeideaof time ne«



val s1 = {200, 230, 528, 863, 905, 135!
val s2 = {13557, 20002, 52831, 86312,
val s3 = {18543816, 27129592, 4322664
val s4 = {11615, 27638, 32124, 48384,
val s5 = {10710, 18543816066, 271295¢
78522678316}
val s6 = {10000000000, 35550333799, 4
67932625953, 75136205898, 790225
val s7 = {10000000000, 35550333799, 4
67932625953, 75136205898, 790225

o] ] ]

Examples, continued

Timng[el bowsl = el bows [val s1]]
Timng[f1l = Farthest Corner [val s1, el

{4.89226 Second, {{0, 0, 0, 0, 0, 2}, {0, 0, 0, 0, 2, 1}, {O
{0, 0, 0, 1, 1, 0}, {0, 0. 0, 2, 0, 0}, {0, 0, 1, 0. 0, 17},
{0, 0,5 0,0, 0}, {0, 1,0, 0, 1, 1}, {0, 1, 4, 0, 0, 0},
{0, 3, 2, 0,0, 0}, {0, 4, 1, 0, 0, 0}, {0, 5, 0, 0, 0, 0},
{2, 0, 4, 0,0, 0}, {3, 0,0, 0, 2, 0}, {3, 0, 3, 1, 0, 0},
(5,0, 0 0,1, 0}, {5, 0, 2, 1, 0, 0}, {8 1, 0, 0, 0, 0},
{11, 0, 2, 0, 0, 0}, {13, 0, 1, 0, 0, O}, {14, 0, 0, 1, O,

{0. 053992 Second, 4192}

Timng[el bows2 = el bows [val s27;
f 2 = Fart hest Cor ner [val s2, el bows?2]

{0. 314952 Second, 2185053}



Timng[el bows3 = el bows [val s3];
f 3 = Fart hest Cor ner [val s3, el bows3]

{0. 030995 Second, 33335274131}

Timng[el bows4 = el bows [val s4]7;
f4 = Fart hest Cor ner [val s4, el bows4]

{2. 50562 Second, 861905}

I« | < | 4 | M |

Examples, continued

Timng[el bows5 = el bows [val s5]]
Timng[f5 = Fart hest Cor ner [val s5, el

{0. 100984 Second,

{0, 0, 0, 2103, {0, O, 162, 153}, {C
0, 234, 111, 893, {0, 244, 307, 0}
{0, 518, 0, 0}, {165, 174, 80, 206},
{264, 448, 0, 83}, {358, 0, 0, 147
{454, 0, 327, 0}, {459, 458, 0, 0},

{0. 022997 Second, 385632149/3583}

Timng[el bows6 = el bows [val s6]; ]
Timng[f6 = Fart hest Cor ner [val s6, el

{26. 7119 Second, Null }
{0. 619906 Second, 22024636179389}



Timng[el bows7 =el bows [val s7]; ]
Timng[f7 = Fart hest Cor ner [val s7, el

{801. 31 Second, Nul I}
{10. 59 Second, 10155222194133}

To the bestof my knowledge the Frobeniusnumberan
donewith methodsavailableasof oneyearago.

| o ] ]

Summary

We haveseemowtoric Grdbnerbasesanbeusedto fi
Domainfor the Frobeniusaumbemroblem.Unlike mo:
Involving finite varieties toric andotherwisewhatis p:
staircasdor the"normalset"with respecto acertainmr
Grobnerbasesanbeusedatall to find Frobeniusnum
to gainstaircasenformation,bothseento be of interes

It is alsoof interestthatthis approacicanhandleFrobe
notamenabléo ANY methodknow asrecentlyasaye:

The moreefficientmethodsn ourwork in preparation
programmingMuch of this hasbeenincorporatednto
functionsReduce, Fi ndl nst ance, andM ni m ze



Openguestions:

(1) Would dedicatedoric basiscodedo betterProbakb
(2) Are therebetterwaysto do thetermorderingsotha
Informationaboutthe fundamentatiomain,but faster?
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